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Abstract 



The rank 2 invariants of stable pairs over a Calabi-Yau threefold were computed in [15] using 

the wall-crossing formula of Joyce-Song [9 and Kontsevich-Soibelman T^. The computations 

in [TS] depended on the combinatorial properties of the elements of the Hall-algebra given as 

r*n I stack functions defined by Joyce [4]. These combinatorial computations become immediately 

complicated and hard to carry out when studying higher rank stable pairs with rank> 2. In this 

article we introduce an independent approach to computation of rank 2 stable pair invariants 

rS^ • not using the wallcrossing formula and rather using the stratification of their corresponding 

j^ I moduli spaces and directly computing the weighted Euler characteristic of the strata. This 

approach may be used to avoid complex combinatorial wallcrossing calculations and to carry 

out the computation of invariants in rank> 2 cases directly. Moreover, we suspect that the 

method introduced in this article may be used to prove the integrality of the corresponding 

►.^ , partition functions for higher rank invariants in special cases. 
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1 Introduction 

In [T^ we introduced the highly frozen triples and computed their invariants using the Graber- 
Pandharipande [2j method of virtual localization over the local Calabi-Yau threefolds such as the 
total space of C'pi(— 1) © C'pi(— 1) — )• F^. The objects studied in [H] (because of the stability 
condition chosen) were reminiscent of the higher rank analogue of the Pandharipande-Thomas 
stable pairs jl3] (Section 12.1). In [15] we used the machinery of Joyce-Song [9j and Kontsevich- 
Soibelman [12] in wallcrossings to compute the invariants of the objects of an auxiliary category 
Bp [15] (Definition 4.2 and Section 5) in terms of the generalized Donaldson-Thomas invariants. 
Moreover, we proved [I5j (Section 13) that these auxiliary objects are related to highly frozen triples 
equipped with a new stability condition which turned them in to an analogue of the higher rank 
Joyce-Song stable pairs [9] . As a result we found that the invariants of the rank 2 semistable Joyce- 
Song pairs are related to the generalized Donaldson-Thomas invariants by the following identity 
[IS] (Equation 12.32): 

HFT(A,P,,r,f) = xm%%{f),u^i'^;l) = x(<'i(f), ^S^, J = 



E -^ 



I 



_ (1) rrrw^ft 

4 

l<i,/3i + ---+ft=/3 

. (_l)XBp((0,2),(/3i,0))+E-=i XBp((/3i + -ft-i,2),(ft,0)) 



y-Hu^r w-xB,((/3i + --- + A-i,2),(A,o)) 



(1.1) 



According to [15j (Corollary 13.7) and via carrying out computational examples we conjecture that 
for the case of rank> 2 the invariants of the higher rank Joyce-Song stable pairs can be computed 



in terms of the generalized Donaldson-Thomas invariants by the following identity: 



RFT{X,P,,r,f) = X(<^pi(r),4''r^) = (-1)^^ ■ xK'i(f), 4'«t ) 



(-1) 



r^ + l 



E 



1 



^-l.l[(DT^\T)■XB,m + ■■■ + P^-l,r),{(3,,0)) 






l<«,/3i+-+A=/3 
. (_l)XBp((0,r),(/3i,0))+E-=i XBp((/3i + -ft-i/'-)>(ft,0)) 



(1.2) 



where r denotes the rank of the highly frozen triples. The purpose of this article is to introduce a 
direct method of calculation for the invariants of the higher rank Joyce-Song pairs in terms of the 
generalized Donaldson-Thomas invariants for rank= 2 cases. Here by direct we mean a calculation 
not involving the wallcrossing computation as in |15j and rather involving the stratification of the 
moduli stack of the auxiliary objects in the category Bp, computing the weighted Euler characteris- 
tics of the strata and finally exploiting |15] (Corollary 13.7) to obtain an identity which relates the 
obtained weighted Euler characteristics of the strata to the invariants of the higher rank Joyce-Song 
stable pairs and the generalized Donaldson-Thomas invariants. We show in this article that the 
result of our calculation agrees with that of [15] (Equation 12.32). 

We believe that following the same computational strategy would enable one to compute the in- 
variants for the case of rank> 2 and to obtain Equation (jl.2p while avoiding the complicated 
combinatorial calculations involved in the wallcrossing computations. Moreover, we suspect that 
the method introduced in this article may be used to prove the integrality conjectures for the par- 
tition functions of the higher rank Joyce-Song invariants in special cases. Toda in [16] has used a 
similar stratification technique and has provided an evidence of the integrality conjecture proposed 
by Kontsevich-Soibelman [12] (Conjecture 6). 
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3 Preliminary Definitions 

3.1 Definition of frozen and highly frozen triples 

In this section we borrow some of the definitions in [15] (Section 3) which are crucial for our 
computations in the later sections. 

Definition 3.1. Let X be a nonsingular projective Calabi-Yau 3- fold over C (i.e Kx — Ox and 
7ri(X) = which implies H (Ox) = 0) with a fixed polarization L . A holomorphic triple supported 
over X is given by {Ei , £^2 , </>) consisting of a torsion free coherent sheaf Ei and a pure sheaf with 
one dimensional support E2, together with a holomorphic morphism (p : Ei —?■ E2- 

A homomorphism of triples from (Ei, E2, 4>) to {Ei, E2, 4>) is a commutative diagram: 




Remark 3.2. A triple {Ei,E2, (/)) of type {Pi,P2, f3) is given by a triple such that P(Ei{m)) = Pi 
and P{E2{m)) = P2 and /3 = ch2(-E'2) as defined in Definition 13.81 During the discussion, for 
simplicity, we omit /? and write a triple of type (Pi, ^2)- 

Remark 3.3. Since by assumption the sheaf E2 has one dimensional support, the Hilbert polyno- 
mial of E2 in variable m satisfies: 



P{E2{m)) = xiM^)) =m f ci(L) + d. (3.1) 

J0 



'/3 

Here ci(L) is the first Chern class of the fixed polarization L over X and (i G Z and /3 as before is 

ch2(-E'2). Note that P2 is a polynomial of degree= dim(Supp(ii^2)) = 1 and by rank of £'2 (denoted 

by rk{E2)) we mean the leading coefficient of P2- 

Definition 3.4. A frozen triple of rank r is a special case of a holomorphic triple where Ei = 

Oxi—n)®^ for some n E Z. 

Remark 3.5. By freezing the triple we mean fixing Ei to be isomorphic with Oxi—n)'^^. We do not 

make a choice of such an isomorphism here. Later we fix an isomorphism ip : Ei ^ Ox (—f^)®'^ and 

we call the triples highly-frozen triples. 

Definition 3.6. Use the notation above. Let S be a C scheme of finite type and let ttx : XxS ^ X 

and TTs '■ X X S ^ S he the corresponding projections. An S-fiat family of triples over AT is a triple 

{£1 ,62^4') consisting of a morphism of Ox x s niodules £1 — > £2 such that £1 and £2 are fiat over S 
and for every point s (z S the fiber {£i,£2,(j)) \s is given by a holomorphic triple as in Definitions 

ixn 

Two 5-fiat families of triples {£±,£2, 0) and {£[,£2,(p') are isomorphic if there exists a commutative 
diagram of the form: 



^1 



Si 



£i 



£2 



Definition 3.7. An S-flat family of frozen-triples is a triple (£"1, £"2, (j)) consisting of a niorphism of 
Ox X s modules (j) : £1 ^ £2 such that £1 and £2 satisfy the condition of Definition 13.61 and moreover 
£1 = iT'^Ox{—n) ® TTgMs where Ms is a vector bundle of rank r on S. 

Two S-flat families of frozen-triples (£'i,£'2, 0) and {£[, £2, (j)') are isomorphic if there exists a com- 
mutative diagram: 



£^ 



£1 



£2 



£2 



Definition 3.8. A frozen-triple of class /? and of fixed Hilbert polynomial P2 is a frozen-triple 
{El, E2, 4>) such that the Hilbert polynomial of E2 is equal to P2 and /? = ch2(-E'2)- Having fixed r 
in El = C'^^(— n), we denote these frozen triples as frozen triples of type {P2,r). 

Now we define highly frozen triples. 

Definition 3.9. A highly frozen triple is a quadruple {Ei, E2,(l),ip) where {Ei,E2,(j)) is a frozen 
triple as in Definition 13.41 and ip : Ei ^ Oxi—n)®'^ is a fixed choice of isomorphism. A morphism 
between highly frozen triples {E[,E2,4>' ,ip') and {Ei,E2,4>,'4') is a morphism £"2 — > E2 such that 
the following diagram is commutative. 



Ox{-n) 

id 
Ox{-n) 



^'-1 



r 



E'l 



El 



E' 



E2 



Definition 3.10. An 5'-flat family of highly frozen-triples is a quadruple {£i,£2,4',ip) consisting 
of a morphism of OxxS modules £1 — > £2 such that £1 and £2 satisfy the condition of Definition 
13.61 and moreover ^ : f 1 ^ n'^Oxi—n) (8> t^s^s ^^ ^ fixed choice of isomorphism. 
Two 5-flat families of highly frozen-triples {£i,£2,4',ip) and (£'(,£'2, (/>','0') are isomorphic if there 
exists a commutative diagram: 



TT*j^Oxi-n)^Tr*sO®'- 
id 

TT*^Ox{-n)(^TT*sOf 



^' 



/-I 



V^-i 



£'1 



£1 



£'2 



£2 



Definition 3.11. Use notation in Definitions 13. II to 13. 7i Given a coherent sheaf £"2, let pE-^ denote 
the reduced Hilbert polynomial of E2 with respect to the ample line bundle Ox(l)- A highly frozen 



triple, {El, E2,(j),Tp), given by the data Ei — > £'2 and ip : Oxi—n) ^ Ei, is called g ^ f-limit 

stable ( or in short f-limit stable ) if: 

1- P^ < PE2 for all proper subsheaves E2 such that £'2 7^ 0. 

2. If (/) factors through E2 {E2 a proper subsheaf of E2), then p^ < pE^- 

Here the same notion of stability can be applied to frozen triples. 

3.2 The auxiliary category Bp 

In this section we give the definition and the properties of the objects in the auxiliary category 
Bp. As was shown in [l5] (Section 13), the objects in Bp (when equipped with the right notion of 
semistability) are closely related to f-limit stable highly frozen triples. 

Definition 3.12. (Joyce and Song) [9j (Definition 13.1). Let X be a Calabi-Yau threefold equipped 
with ample line bundle Ox(l)- Let r denote the Giseker stability on the abelian category of coherent 
sheaves supported over X. Define Ap to be the sub-category of coherent sheaves whose objects are 
zero sheaves and non-zero r-semistable sheaves with reduced Hilbert polynomial p. 
Definition 3.13. (Joyce and Song) [9]. Define category Bp to be the category whose objects 
are triples (F, y, (/>), where F G Obj{Ap), F is a finite dimensional C-vector space, and (j) '■ 
V —^ Iloin{Ox{—n),F) is a C-linear map. Given {F,V,(p) and {F,V,(j)) in Bp define morphisms 
{F, V, (j)) —7- {F, V, (j)) in Bp to be pairs of morphisms (/, 5) where f : F —^ F is a morphism in Ap 
and g : V ^ V is a C-linear map, such that the following diagram commutes: 

V > Rom{Ox{-n),F) 

9 f 

V^^Rom{Ox{-n),F) ^^ 

Now we define the numerical class of objects in Bp: 

Definition 3.14. Let A denote any abelian category. Let JCq{A) denote the Grothendieck group 
of A generated by isomorphism classes [E] of objects E in A which satisfy the relation [E] = 
[F] + [G] if there exists a short exact sequence 0—^F—^E^G^OinA. The Euler form 
X '■ }(^o{A) X ICo{A) — > Z is defined as: 

X([i5;], [F]) = j;(-l)Mim£xf (£,F). 

i>0 

Definition 3.15. Let I = {a £ ICo{A) \ x{a,P) = x{l^,a) = 0,V/3 € ICo{A)}. Define the 
numerical Grothendieck group of A to be the quotient of }Co{A) by the two sided kernel of x, i-e 
/C""'"(^) = JCo{A)/L Define the positive cone of A , C{A) C IC{A) = /C"™(^) to be 

C{A) = {[E]e K{A) \E^O,EeA}. (3.3) 

The above definitions extend to the case where the abelian category is Ap'. 

Definition 3.16. Define )C{Bp) = )C{Ap) ® Z where for (F, F, 0) G Bp, [(F, 1^, </>)] = ([F],dim(y)). 



We state following results by Joyce and Song without proof. 

Lemma 3.17. (Joyce and Song) l^ (Lemma 13.2). The category Bp is ahelian and Bp satisfies 

the condition that for the underlying sheaves F the following is true: 

If [F] = G IC'^^'^{Ap) then F = 0, moreover Bp is noetherian and artinian and the moduli stacks 

m^^f^ are of finite type V(/3,d) G C{Bp). 

Remark 3.18. The category Ap embeds as a full and faithful sub-category in Bphy F —^ (F, 0, 0), 

moreover it is shown by Joyce and Song in [9j that every object {F, V, (p) sits in a short exact 

sequence. 

^ (F, 0, 0) ^ (F, V, cfy ^ (0, y, 0) ^ (3.4) 

Definition 3.19. (Joyce and Song) [9]. Define x^^ : IC''^''"'{Bp) x /C™'^(^p) -^ Z by: 



(3.5) 



X^-{{f^,d), (7,e)) = x(/3 - d[Ox{-n)],j- e[Ox(.-n)]) 
= xW,l)-dxi[Ox{-n)]n) + ex{[Oxi-n)],/3) 

Definition 3.20. (Joyce and Song) [9] (Definition. 13.5). Define the positive cone of Bp by: 

C{Bp) = {(/3, d) I /3 G C{Ap) and d > or /3 = and d > 0}. 

Next we recall the definition of weak (semi) stability from [^ for a general abelian category A. 
Definition 3.21. (Joyce and Song) [9] (Definition. 3.5). Let A be an abelian category, IC{A) be 
the quotient of JCo{A) by some fixed subgroup, and C{A) the positive cone of A. Suppose (T, <) 
is a totally ordered set and r : C{A) — > T a map. We call (r, T, <) a stability condition on A if 
whenever a, /3, 7 G C{A) with /? = a + 7 then either T{a) < t{/3) < t(7) or T{a) > T{f3) > r(7) or 
T{a) = t{/3) = t(7). We call (r, T, <) a weak stability condition on A if if whenever a, /3, 7 G C{A) 
with /3 = a + 7 then either T{a) < T{f3) < r(7) or T{a) > t{I3) > t{-j). 
For such (r, T, <), we say that a nonzero object F in ^ is 

1. r-semistable if V5 C F where S ^ 0, we have t{[S]) < t{[E/S]) 

2. T-stable if VS C F where 5 ^ 0, we have t{[S]) < t{[E/S]) 

3. T-unstable if it is not semistable. 

In our analysis we apply the Definition 13.211 to objects in Ap. Next we define the notion of permis- 
sible stability condition from |9] for the moduli stack of objects in a general abelian category A. 
Here we assume that the moduli stack of r-(semi)stable objects in A exists. 

Definition 3.22. (Joyce and Song) [9] (Definition. 3.7). Let (r, T, <) be a weak stability condition 
on A. For a G IC{A) let fUl"^ and 9K°^ denote the moduli stacks of r-(semi)stable objects F G ^ 
with class [F] = a in IC{A). We call {t,T, <) permissible if 

1. ^ is r- Artinian (There exists no infinite chains of sub-objects with reducing slope of the subse- 
quent quotients). 

2. TI%{t) is a finite type sub-stack of M'X Va eC{A). 

One example of an abelian category for which there exists a moduli stack of (semi)stable objects 
which satisfy the condition in Definition 13.221 is the category of coherent sheaves, Coh(X). In that 
case r is the Giseker stability condition and from usual arguments, it is clear that there exist finite 
type open substacks 9Jt"(r) and Tlgg{T) of r stable and r-semistable sheaves F G ^ with numerical 
class a G /C"""*(Coh(X)). 



Definition 3.23. (Joyce and Song) [9] (Definition. 13.5). Define tlie weak stability condition f in 

Bp by: 

1. f (/3, d) = if d = and f(/3, d) = 1 if d > 0. 



4 Moduli stack of objects in Bj^ 



In tliis section for the purpose of completeness, we review the definition and construction of the 
moduli stack of objects in Bp from [15] (sections 5, 5.1 and 5.2). 

Remark 4.1. By [9j (Page 185) there exists a natural embedding functor ^ : Bp —^ D(X) which 



takes {F, F, (/>y) € Bp to an object in the derived category given by 



0^V(g)Ox{-n) ^ F 



— 7- • • • where V Ox{—n) and F sit in degree —1 and 0. Assume that dim(y) = r. In that case 
V (8) Ox{—n) = Oxi—n)®"^. Hence one may view an object {F,V,4>v) £ Bp as a triple {E,F,4)) 
represented by a complex (p : E ^ F such that E = Ox{—n)®'^ (note the similarity between the 
objects in Bp and frozen triples in Definition 13.40 . 

Definition 4.2. Fix a parametrizing scheme of finite type S. Let ttx : X x S —?■ X and vrg : 
X X S ^ S denote the natural projections. Use the natural embedding functor ^ : Bp ^ D{X) [9] 
(Page 185). Define the 5-flat family of objects in Bp of type (/3,r) as a complex 



TT*gM(g)TT*xOx{-n) 



'/'S, 



T 



sitting in degree —1 and such that J-" is given by an 5- flat family of semistable sheaves with 
fixed reduced Hilbert polynomial p with Ch(F) = /3 and M is a vector bundle of rank r over 
S. A morphism between two such 5-flat families is given by a morphism between the complexes 



Tr*gM(S)7r*xOxi 



-n) ^^ T and 7r*M' ® ■K\Ox{-n) 



'K*gM®Tx\Ox{-n) 



r- 



ips 



7T*sM' (g)Tr*xOx{-n) 



i^'s 



F 



F'. 



Moreover an isomorphism between two such S'-flat families in Bp is given by an isomorphism between 
the associated complexes vrJM (g) 7r^C'x(-n) -4 F and TT*gM' TTxOx{-n) ^ F': 

-fps 



TT*sM(g)TT*xOx{-n) 



TT*sM' (g>7:*xOx{-n) 



^'s 



F 



F'. 



Note the similarity between definition of isomorphism between S'-flat families of objects of type 
(/3,r) in Bp and the isomorphism between two S'-flat families of frozen triples of type {P2,r) in 



Definition 13.71 

From now on whenever we mention objects in Bp we mean the objects which he in the image of the 
natural embedding functor ^ : Bp ^ D(X) [9] (Page 185). Moreover by the S-Hat family of objects 
in Bp, their morphisms (or isomorphisms) we mean the corresponding definitions as in Definition 



i-jp 



Now we define the rigidified objects in Bp. We give the category of these objects a new name 
However, we emphasize that it is implicitly understood that for us the category B?' is the 
same as Bp together with an additional structure: 

Definition 4.3. Define the category B^ to be the category of rigidified objects in Bp whose objects 
are defined by tuples (F, C®^,p) where F is a coherent sheaf with reduced Hilbert polynomial p 
and Ch(F) = (3 and /> : C^ — t- iioin.{Oxi—n),F) (for some r). Given two rigidified objects of fixed 
given type (/3, r) as (F, C®^ p) and {F', C®^ p') in B^ define morphisms (F, C®^ p) -^ {F', C®^ p') 
to be given by a morphism / : F — )• F' in Ap such that the following diagram commutes: 



id 



P 



>iiomiOx{-n),F) 

f 
Rom{Ox{-n),F). 



Remark 4.4. There exists a natural embedding functor ^ : Bp 
to an object in the derived category given by •••—>■ —>■ C®** 



i^p 



(4.1) 

> D{X) which takes (F, C®^ p) G 
) Ox{—n) — > F ^- — > • • • where 



C®** (8) Ox{—n) sits in degree —1 and F sits in degree 0. One may view an object in B^ as a 
quadruple (F, F, 0, -i/;) represented by a complex cj) : E —^ F such that ip : E = Oxi—n)®''' is a fixed 
choice of isomorphism (note the similarity between the objects in B^ and highly frozen triples in 

Definition EJ])- 

Definition 4.5. Fix a parametrizing scheme of finite type S. Let ttx : X x S" — )• X and 7:$ '■ 
X X S ^- S denote the natural projections. Use the natural embedding functor ^^ : B^ — ?• D{X) 
in Remark 14.41 An S-flat family of objects of type (/3,r) in Bp is given by a complex 

TT^Of 7r^Ox(-n)^.F 

sitting in degree —1 and such that F is given by an 5-fiat family of semistable sheaves with 
fixed reduced Hilbert polynomial p with Ch(F) = /3. A morphism between two such S-flat families 

in Bp is given by a morphism between the complexes vrJO®'^ ® it%^Ox( 



-n 



^s. 



T and vrJO®' 



7r^Ox(-n) % 



T: 



-*sOf 



id, 



Ox. 



^sOf 



7r*^Ox{-n) 



^*xOx{-n) 



tps 



^'s 



F 



F'. 



Moreover an isomorphism between two such S'-fiat families in B^ is given by an isomorphism 



between the associated complexes vr^Of *" (8" -kVOx 



-n] 



i>s. 



F and TT*gOf' 



^*xOx{ 



-n) — > F : 



TT*sOf ® TT*xOx{-n) ~- 7 



ido 



XY.S 



vrJOf " 7r*j^Oxi-n) ^ ^ . 

Note the similarity between definition of isomorphism between S'-flat families of objects of type 
(/3, r) in B^ and the isomorphism between two 5- flat families of highly frozen triples of type {P2, 
in definitions 13.91 and 13.101 



r 



Similar to the way that we treated objects in Bp from now on whenever we mention objects in B^ 
we mean the objects which lie in the image of the natural embedding functor 5 : Bp — ^ ^{^) i'^ 
Remark 14.41 Moreover by the S-flat family of objects in Bp, their morphisms (or isomorphisms) 
we mean the corresponding definitions as in Definition 14.51 



4.1 The moduli stacks ^b^^I{t) and mtgi'^^(f) 

Given a bounded family of r-semistable sheaves F with fixed Hilbert polynomial P there exists an 
integer m such that for every sheaf F in the family, F[m) is globally generated. First we construct 
an S'-flat family of coherent sheaves F with fixed Hilbert polynomial P. To avoid confusion, here 
we slightly change our notation. We denote by F the family as a coherent Oxx^-module and by 
F we mean the fiber of this family over a geometric point of S. By construction, the family of 
coherent sheaves F appearing in a f-semistable rigidified object is bounded and moreover F[n) is 
globally generated for all n > TTi. 

Fix such n and let y be a complex vector space of dimension d = P{n) given as V = 'B9{F ® L"). 
The line bundle L, as defined before, is the fixed polarization over X. Twisting the sheaf F 
by the fixed large enough n would ensure one to get a surjective morphism of coherent sheaves 
V (8) Ox{—n) — >■ F. One can construct a scheme parametrizing the flat quotients oiV® Ox{—n) 
with fixed given Hilbert polynomial. This by usual arguments provides us with Grothendieck's 
Quot-scheme. Here to shorten the notation we use Q to denote Quotp(y Ox{—n)). 
Now consider a sub-locus Q"* C Q which parametrizes the Giseker semistable sheaves F with fixed 
Hilbert polynomial P. 

Definition 4.6. Define V over Q^^ to be the bundle whose fibers parametrize H (F(n)). The fibers 
of the bundle V®'^ parametrize H (F(ra))®''. In other words the fibers of V®^ parametrize the maps 
0'^{—n) — > F (which define the complexes representing the objects in B^). Define (3s/(f) C V®'^ 
be given as an open subscheme of "P®^ whose fibers parametrize f-semistable objects in Bp. 

Now we state (without proof) the results obtained in [15] (Section 5.2) on construction of the mod- 
uli stacks of f-semistable objects in B^ and Bp. 

Theorem 4.7. 115] (Theorem 5.7). Let ©L'^ (f) be the underlying scheme in Definition |^.6] 
parametrizing f-semistable rigidified objects of type {f3,r). Let G := GLr(C) x GL(1/). Let 



si^'-'CrQ 



be the stack theoretic quotient of ©L''' (f) by G. There exists an isomorphism of 
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groupoids 



5p V 



5?t£V.(f) 



eif'^^^- 



(t) 



G 



GL(V) 



In particular DJlj^ 'ss(^) ^•^ '^'^ Artin stack. 

Corollary 4.8. /i5/ (Corollary 5.8). Apply the proof of 1151 (Theorem 5.7) to &ss'^ (f) and 

G = G\-i{y) and obtain a natural isomorphism between '^^^ (^) ^^'^ 

One may use this natural isomorphism in order to obtain an alternative definition of the moduli 
stack of f-semistable rigidified objects of type (/3, r) as the quotient stack 
Corollary 4.9. 115] (Corollary 5.9). It is true that: 



ei's'^-Hf) 



GL(V) 



9K 



Br, 



(r) 



GU(C) 



(4.2) 



W,r) 



Proposition 4.10. 115^ (Proposition 5.10). The moduli stack, SOTL^^ (f), is a GLr(C)-torsor over 



yW,r) 



Wj3 Jg{f). It is true that locally in the flat topology, Tl^Qj^if) ^ 9JT^^/j_,(f) x 
isomorphism does not hold true globally unless r = 1. 



>{/3,r) 



Spec(C) 
GL,.(C) 



This 



5 Stack function identities in Ringel Hall algebra 

Definition 5.1. (Joyce and Song) [9] (Definition 2.5). Let 6 be a C-stack with affine geometric 
stabilizers. Consider pairs (9^, p) where 9^ is a finite type algebraic C-stack with affine geometric 
stabilizers and p : 9\ ^ 6 is a 1-morphism. Two pairs (JR, p) and (fH, p) are called to be equivalent 
if there exists a 1-morphism t : 91 ^ S^l such that in the diagram below: 




(5.1) 

the two vertical maps are 2-isomorphic with each other. Write [(9^, p)] for the equivalence class 
of (9^, /o). If ((5,/9 I0) represents a sub-pair of (9^, /o) where (5 is closed in 9^, then (6,/9 I©) and 
(91/(5, /> |«H/ig) are pairs of the same kind. Define SF(6) to be the Q-vector space generated by 
equivalence classes of [91, p] subject to the relations 



[(9^,p)] = [(6,p|e)] + [(9l/6,ph/«)] 
for each subpair (l5,/5 [©) of (91, p). Elements of SF((3) are called stack functions on 6. 



(5.2) 
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Definition 5.2. (Joyce and song) [9] (Definition 2.16.). Define the space of stack functions 
SF (6, Y,0) to be tlie Q-vector space generated by equivalence classes [(9^, /j)] with the follow- 
ing relations imposed: 

1. Given a sub-pair (©,p I©) C (9^, p) we have [(IH, p)] = [{&,p [©)] + [(9^/6, /o Iih/©)] as above. 

2. Let 91 be a C-stack of finite type with affine geometric stabilizers and let U denote a quasi- 
projective C-variety and ttvh : 9^ x C/ — t- IK the natural projection and p : 91 — t- S a 1-morphism. 
Then [(9^ x U,po7r^)] = x([i^])[(9^,p)]. 

3. Assume 9^ = [X/G] where X is a quasiprojective C-variety and G a very special algebraic 
C- group acting on X with maximal torus T^, we have 

m,p)]= Y. FiG,T^,Qmx/Q],pofi)], (5.3) 

QeQiG,TG) 

where the rational coefficients F{G,T^ ,Q) have a complicated definition explained in [5] (Section 
6.2). Here Q{G,T^) is the set of closed C-subgroups Q of T^ such that Q = T^ n C{G) and fi : 
[X/Q] — > 9^ = [X/G] is the natural projection 1-morphism, where C{G) denotes the center of the 
group G. Similarly we can define SF((3, x, Q) by restricting the 1-morphisms p to be representable. 
Remark 5.3. There exist notions of multiplication, pullback, pushforward of stack functions in 
SF (6, X, Q) and SF((3, X) Q) and to save space we do not construct them here. For further discus- 
sions look at (Joyce and Song) [9j (Definitions. 2.6, 2.7) and (Theorem. 2.9). 
Definition 5.4. (Joyce and Song) ^ (Definition 3.3). For a € G{A) write 9Jl^ for the substack 
of objects F^A'ui class a G K{A). Let £j:act_4 denote the moduli stack of short exact sequences 
{) ^ El ^ E2 ^ E'i ^ {) m. A. For i = 1,2,3 let ttj : Cyact -> 9JT^ denote the 1-morphism of 
Artin stacks projecting the short exact sequence — )• £^1 — )• £'2 — ^ ^3 ^^ to Ei. Define bilinear 
operations * on the stack function spaces SF , S'F(9Jt^), SF and S'F(9}T^,X5Q) by 

/*5 = (^2)*((^ix^3)*(/ »<?))• (5.4) 



Definition 5.5. Let {t^T, <) be a permissible stability condition on A. Define the stack functions 
^ssi''') — ^OK" (''") ™ SFai(9Jt^) (for definition of SFq/ look at [9] (Definition 3.3) for a G C{A). 
One thinks of Jsjjja (r) as the characteristic stack function of the component of the moduli stack of 
r-semistable objects in A whose class in K{A) is a. Define elements e"(r) in SFai(9Jt^) 

^{r)= V ^^^^^:i(r)*C^(r)*...*C(r), (5.5) 



^-^ n 

n>l,ai,-- ,an&C(A) 

aiH \-an=ct 

T{ai)=T{a)\fi 

where * is the Ringel-Hall multiplication defined in l5.4i Here each dgKr) denotes the characteristic 
stack function associated to the moduli stack of objects F G ^ in class Oi C C{A) as defined in [9] 
(Definition 3.3). 

Remark 5.6. By replacing the category A and the stability condition r in Definition 15.51 with 
category Bp and f-stability condition respectively, we obtain the following identity over the moduli 
stack of f-semistable objects in Bp of type (/3, r): 

e^'''\f) = Y: ^^^if ''^ V) * ^i?''^ V) * • • • * Si's-'"\r). (5.6) 

n>l,(/3i,di),-,(/3„,d„)GC(Sp) 

(/3i,di)+-+(/3„,d„)=(/3,r) 

f(ft,d,)=f(/3,d)VJ 
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Note that Equation (j5.6p will be the key identity throughout this article. In the remaining sections 
we intend to compute the invariants associated to the moduli stack of f-semistable objects of type 
(/3, r) in Bp for when r = 2 by directly computing the Ringel Hall product appearing on the right 
hand side of (15.61). 



Now we apply the Lie algebra morphism ^^p defined in |9J (Section 13.4) to the left side of Equation 
(15. 6p and define the invariant assciated to the moduli stack of objects of type (/3, r) in Bp-. 
Definition 5.7. Define the invariant 'Btf{X, /3, 2, f) associated to f-semistable objects of type (/3, 2) 
in Bp by 

^Bp(-(/3,2)(~)) = B;'(X,f3,2,f) ■ A(^'2)^ 

where ^ ^ is given by the Lie algebra morphism defined in [9j (Section 13.4). 



6 Direct computation of invariants in an example 

In this section we introduce a direct approach to the calculation of the invariants of objects in 

Bp via carrying out an example. Our calculation exploits the properties of stack functions defined 

by Joyce [5], [6], [1], [7], [8] but it does not involve any wallcrossing computation. We will show 

that our results in this section verify the results obtained in jl5] (Equation 12.32) through an 

example. 

Example 6.1. Computation of B^'*(X, [P^], 2, f) where X is given by total space of C'pi^(-l) -^ P^ 

We compute the invariant of f-semistable objects (F, C^,</>c2) of type ([P^],2) in Bp. Note that In 
this case F has rank 1 and p{n) = n + xi^)- Assume xi^) = ''• Iii this case by computations in 
|llj and [3] the only semistable sheaf, F, with ch2(-F) = [F^] is given by C'pi(r — 1) which is a stable 

sheaf. First we give description of QJt^g'^ (t)- By definition an object of type ([P , 2]) in Bp is 
identified by a complex Ox{—n)®'^ -^ l^O^i (r — 1) where l :¥^ ^^ X (from now on we suppress i* 
in our notation). By the constructions in Section [4. II the parameter scheme of f-semistable objects 
is obtained by choosing two sections (si, S2) such that Si G H''((Opi(n + r — 1)) for i = 1, 2. More 
over since Of>i{r — 1) is a stable sheaf, its stabilizer is given by Gm- 

An important point to note is that given a f-semistable object (F, C^,0c2) one is always able to 
obtain a an exact sequence of the form 

0^ (F,C,0c) ^ (i^,C2,0cO ^ (0,C,0) ^ 0, (6.1) 

for every object in the moduli stack and since f{F, C^, 0c) = 1 ^ ^(0, C, 0) = 1 then one concludes 
that all the objects parametrized by the moduli stack are given by extensions of rank 1 f-stable 
objects and hence all objects are f-strictly-semistable. Moreover, note that giving a f-semistable 

object of the form Ox{—n)®'^ — '■ — > F is equivalent to requiring the condition that (si, S2) 7^ (0, 0), 
since other wise one may be able to obtain a an exact sequence: 

-> (C^ 0, 0) -^ (C^ F, 0) -^ (0, F, 0) ^ 



such that f(C2,0,0) = 1 > f(0,F,0) = 0, hence (€^,0,0) weakly destabilizes {C'^,F,0) and one 
obtains a contradiction. Now use Theorem 14.71 and obtain 



<:r»(f) 



Jp 



(HO((0pi(n + r-l)))®2\|o|/c, 
GL2(C) 
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P(H°((0pi(ra + r-l))' 
GL2(C) 



52M 



(6.2) 



Now we need to compute the element of the Hah algebra e^^''^'{f). By applying Definition 15.61 to 
^Tn'^Hf) we obtain: 

e-(^'^Hr)=jr].2)(f)-l Y: ~Si'''^'Hr).-6(M{r). (6.3) 

Now we use a stratification strategy in order to decompose 971^^ ^ (f) into a disjoint union of strata 
as follows: Given the fact that the objects in the moduli stack under study are of type ([P^],2) 
one would immediately see that the only possible decomposition for a f-semistable object of type 
([P-'^],2) is given by decomposition of its class as ([P^],2) = ([P-'^],l) + (0,1). This means that a 
strictly f-semistable object of type ([P"*^], 2) is either given by (split or non-split) extensions of object 
of type ([P^], 1) by objects of type (0, 1) or it is given by the extensions with reversed order, i.e the 
extensions of objects of type (0, 1) by objects of type ([P^], 1). Our stratification technique involves 
a study of the parametrizing moduli stacks for these objects depending on what extensions are used 
to produce the objects. We decompose Tl),), g (f) into a disjoint union of split and non-split strata. 

Definition 6.2. Define SOT^L «' (t) C 9JT:' J' (f) to be the locally closed stratum over which an 
object of type ([P^], 2) is given by split extensions involving objects of type ([P^], 1) and (0, 1). 
Define 9Jt^^ ^ (f) C Tl),[, ^ (f) to be a locally closed stratum over which an object of type ([P ], 2) 
is given by non-split extensions involving objects of type ([P^], 1) and (0, 1). 

Now we study the structure of each stratum separately. 

6.1 Stacky structure of Tl^^'^f{f) 

It is easy to see that any f-semistable objects of type ([P^], 2) given as 

Oxi-n)®^ ^ Opi(r - 1) = (Ox(-n)®2 ^ Op.{r - 1)) (Oxi-n) ^ 0) 

has the property that the sections si,,S2 for this object are linearly dependent on one another. 
Hence by discussion Definition 14.61 the underlying parameter scheme of f-semistable objects of 
this given form is given by chooing a nonzero section of Opi{n + r — 1) in other words we obtain 
H°(C'pi(n + r — 1))\{0}. Now we need to take the quotient of this space by the stabilizer group of 

points. We know that the condition required for a f-semistable object Oxi—n)®'^ — '■ — > F to be 
given by split extensions of rank 1 objects is that si and S2 are linearly dependent on one another. 

Now pick such an object given by Ox{—n)®'^ — '■ — > F. The automorphisms of this object are given 
by the group which makes the following diagram commutative: 



(si,0) 
Oxi-n)®^- ^Opi(r-l) 



Ox(-n)®2^^^0pi(r-l) 
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matrices 



where ki^k^ € Gm and k2 € h}. Having fixed one of the automorphisms 



Hence it is seen that the left vertical map needs to be given by a subgroup of GL2(C) which 
preserves si, i.e the Borel subgroup of GL2(C) whose elements are given by 2 x 2 upper triangular 

ki k2 

k3 

via fixing A;i , A;2 , /cs , it is seen that by the commutativity of the square diagram the right vertical 
map needs to be given by multiplication by ki which is an element of Gm- Note that one needs 
to take the quotient of the parameter scheme by all isomorphisms between any two objects in the 
split stratum, not just the automorphisms of one fixed representative. In general for an object to 
live in the split stratum one requires the sections (si,S2) to be given by (si,a • si). We observed 
that fixing a representative for a split object of rank 2 (such as fixing (si,S2) = (si,0) as above) 
would tell us that its automorphisms are given by G^ x A^. Hence taking into account all possible 
representatives implies that the stabilizer group of objects in spit stratum is given by G^ xi A^ x Gm- 
Hence we obtain 



Tl 



"'1.2) ^~ 



sp,Bp 



(f) 



H°(0pi(n + r-l))\{O} 

G2 X Ai X Gm 



XH°(0pi(n + r-l))) 
G2 X Ai 



(6.4) 



6.2 Stacky structure of OJt! 



nsp,Bp \ I 



(•rpli 2') 

In this case all the objects in 3^„s„ g H'^) are given by non-split extensions of the form: 



Ox{-n) 



- OTi-n) 



si 



{Sl,S2 







Cpi(r-l) 



F 



Ox{-n) 







0, 



(6.5) 



Note that switching the place of Opi (r — 1) and in the bottom row of diagram (|6.5p would produce 
a split extension. Now in order to obtain non-split extensions one needs to choose two sections si, S2 
such that si and S2 are linearly independent. The set of all linearly independent choices of si and S2 
spans a two dimensional subspace of H (Opi {n + r — 1)) which is given by the Grassmanian: 

G{2,n + r). 



Now we need to take the quotient of this scheme by the stabilizer group of points in the stratum. 

> F to be given by 



We know that the condition required for a f-semistable object Oxi—n)®'^ — '■ — 



nonsplit extensions of rank 1 objects is that si and S2 are linearly independent. Now pick such an 

object given by Oxi—n)®^ — '■ — > F. The auton 
which makes the following diagram commutative: 



object given by Oxi—n)®^ — '■ — > F. The automorphisms of this object are given by the group 



Oxi-nY 



(S1,S2) 



Opi(r-l) 



(si, S2) 
Ox(-n)®2^^^0p,(r-l) 



15 



are given by 2 x 2 diagonal matrices of the form 



where ki € Gm- Having fixed one of 



Hence it is seen that the left vertical map needs to be given by a subgroup of GL2(C) whose elements 

ki 

ki 

the automorphisms via fixing ki, it is seen that by the commutativity of the square diagram the 
right vertical map needs to be given by multiplication by ki which is an element of Gm- Hence we 
obtain 



nsp,Bp 



(r) 



G(2,n + r) 



(6.6) 



Now we compute Y^a _,_o . 
use the fact that 



f(/9fe,l)/ 



KA.i)/^ 



11 6s (f) * 6s (f) appearing on the right hand side of (|6.3p . We 



/3fc+/3i = [pi] 



(6.7) 



and compute each term on the right hand side of (j6.7p separately. 

Remark 6.3. As we described above there exists an action of GL2(C) on S := 



»(H°(Opi (n + r 



1))®^)). This action induces an action of the corresponding Lie algebra on the tangent space of S 
given by the map: 



Os^^^Ts, 



(6.8) 



where ^ denotes the Lie algebra associated to the group GL2(C). The dimension of the automor- 
phism group of objects representing the elements of S is given by the dimension of the stabilizer (in 
GL2(C)) group of these elements, which itself is given by the dimension of the kernel of the map in 
()8.8p . On the other hand, the dimension of the kernel of the map in (j8.8p is an upper-semicontinious 
function. Therefore by the usual arguments, we obtain a stratification of S which induces a strat- 



ification of 



into locally closed strata such that over each stratum the dimension of the 



_GL2(C) 
stabilizer group is constant as we vary over points inside that stratum. Hence in Definition 

/rjpli 2) 

stated without proof that the defined strata are locally closed in QJtg,, g (r). 



we 



6.3 Computation of df'^''^^ (f) * ^f'^^ (f ) 



Given 6. 



1). 



P(HO(C)„i{n+r-l))) 



,pi)and^^'Hf) 



Spcc(C) 



, P2) consider the diagram: 



7' 
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P(H°(0pi(n+r-f))) 



$ 



(^fflct^ 



Spcc(C) 



Pi X P2 



7r2 



TTi X 7r3 



%,(r)x9JTe,(r) 



F(H°((C)pi(n+r-l))®2) 
GL2(C) 



(6.9) 
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Here ^{2 i^ given by the scheme parametrizing the set of commutative diagrams: 



>Ox{-n)- 

^Opi(r-l) 



Of{-n) 



Ox{-n) 



{SI,S2) 



F 



0, 



(6.10) 



Note that the extensions in (j6.10p have the possibihty of being spht or non-spht. Hence we consider 
each case separately and introduce a new notation: 



.1)^ 



KO'l)/^ 



Definition 6.4. Let [5} (t) * 5s ' ('r)]sp denote the stratum of {112 ° *I')*-2x2 over which the 
points are represented by spht extensions given by coomutative diagram in (j6.10p . 



''1.1)^^^ 



^(0,1) 



Definition 6.5. Let [5s (f) * 5s ' {f)]nsp denote the stratum of {tt2 o ^)^Z[2 over which the 

points are represented by non-spht extensions given by coomutative diagram in ()6.10p . 



'1)^ 



^iO^)f;^^ 



Now we compute [51 (f) * 5s ' {t)]sp- This amounts to choosing sections si,S2 so that si and 

S2 are hnearly depending on one another. The scheme parametrizing the nonzero sections si is 
given by P(H (Opi(n + r — 1))). Now we take the quotient of this scheme by the stabihzer group 
of points. Similar to arguments in |15j (Lemma 12.1) given any point in P(H (Opi(n + r — 1))) 
represented by the extension in diagram ()6.10p its stabilizer group is given by the semi-direct 
product G^ XI Hom(£^3,£'i) where each factor of Gm amounts to the stabilizer group of objects 
given as E3 := Ox{—n) -^ and Ei := Ox {—it-) — > 0-pi{r — 1) respectively. Note that the extra 
factor of A^ will not appear as a part of the stabilizer group since by the given description of 
El and E3 we know that Hom(£'3,Si) = for every such Ei and E3. We obtain the following 
conclusion: 



^l'i)(f)*Jr)(f)] 



sp 



'P(HO(C'pi(n + r-l))) 



(6.11) 



Now we compute [51^'^ ^'^''(■^) * 5l^'^' {f)]nsp- This amounts to choosing si,S2 so that si and S2 are 
linearly independent and the extension in diagram (jG.lOp becomes non-split . Note that for any 
fixed value of si one has P^ worth of choices for S2- Now we need to consider all possible choices 
of si and in doing so we require the pair si, S2 to remain linearly independent. This gives the flag 
variety F(l, 2, n + r). Hence we obtain: 



^l'^)(f)*5l°'^)(f)] 



nsp 



F(l, 2, n + r) 



(6.12) 



Note that the factor of G^n in the denominator of (|6.12p is due to the fact that we have used one 
of the Gm factors in projectivising the bundle of S2-choices over the Grassmanian. We finish this 
section by summarizing our computation. By (|6.1ip and (|6.12p one obtains: 



W'^''Hr)*5i''^h 



P(H°(Opi(n + r-l))) 



^l 



+ 



F(l, 2, n + r) 

Gm, 



(6.13) 
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6.4 Computation of 6i'^'^\f) * 5f'^'^\f) 



^(0-1)^^ 



Now change the order of 6s ' (t) and 6s (t) and obtain a diagram 



'1-1)^^^ 



Spcc(C) 



7' 



P(H«(Opi(n+r-l))) 



$ 



^?act« 



vr2 



P2 X Pi 



P(HO((0pi(n+r-l))«^) 
GL2(C) 



TTi X TTs 



3?ts,(r)xOKB,(f) 



Here ^21 is given by the scheme parametrizing the set of commutative diagrams: 



Ox{-n) 

— 



. On-n) 



- Ox{-n) 



(0,S2) 



F 



Opi(r-l) 



0, 



(6.14) 



(6.15) 



Note that the computation in this case is easier since the only possible extensions of the form given 
in (|6.15|) are the split extensions. The computation in this case is similar to computation in (|6.1ip 
except that one needs to take into account that over any point represented by an extension (as in 
diagram I^J5\i ) of Ei := Ox{-n) -^ and E3 := Ox{-n) -^ Opi{r - 1) we have Hom(^3,Si) ^ 
A^. Hence by similar discussions we obtain : 



5-([IPM,l)(^), 5(0,1) (^) 



P(H0(Opi(n + r-l))) 



G2,x 



(6.16) 



6.5 Computation of e'^^'^^(r) 

By dSSJ, (163D, dSSD, dSTD, (f6l3]) and (IHIHI) we obtain: 

"P(H0(Opi(n + r-l))) 



6-(^'2)(f) 



G2 X Ai 



+ 



G(2, n + r) 



P(H°(C'pi(n + r-l))) 

G„ 
P(H°(C'pi(n + r-l))) 



F(l, 2, n + r) 



Gl^ X Ai 

Now use the decomposition used by Joyce and Song in [9j (page 158) and write 
"P(H0(Opi(n + r-l)))" 



G2 X Ai 



F(G,( 



•'2 /p 2 



(H°(0pi(n + r-l))) 



+ F(G, G^,Gm) 



(H°(0pi(n + r-l))) 

Gm 



.17) 



(6.18) 
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where -F(G, ( 



1 and F{G 



1 ^mi ^mj 



-1. Equation (j6.17p simplifies as follows: 



P(H°(Opi(n + r-l))) 




P(H'J(Opi(n + r-l))) 



Now use Definition 19.11 and write: 

"G(2,n + r) 



X(G(2, n + r)) 



Spec(C) 



(6.19) 



(6.20) 



and 



F(l, 2, n + r) 



Spec(C) 



x(F(l,2,n + r)) 
x(P^)-x(G(2,n + r)) 
2.x(G(2,n + r)) rSP-(C) 



Spec(C) 



(6.21) 



where the equality in the third line is due the fact that the topological Euler characteristic of a 
vector bundle over a base variety is equal to the Euler characteristic of its fibers times the Euler 
characteristic of the base. By (j6.17p and (j6.2ip we obtain: 

"P(H°(C'pi(n + r-l)))' 



+ X(G(2, n + r))- 



Spec(C) 



1 



2- -•x(G(2, n + r)) 



Spec(C) 



P(H0(Opi(n + r-l))) 



--x(P(H°((!?pi(n + r-l)))) 



Spec(C) 



- — (n + r) 
2^ ^ 



Spec(C) 



(6.22) 



6.6 Computation of the invariant 

Now apply the Lie algebra morphism ^ p [9j (Section 13.4) to e™ ^'^^(f). By definition: 



^B,^-ir],2)^~^^^^na^_hn + r) 



Spec(C) 



(/^o.2)V .o,.))A(P^l'2). 



m 



(6.23) 
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>(2,r]). 



P(H°((Opi(n+r-l))g>2) 
GL2(C) 



and hence 



Note that by Equation ([621) ^sJ:bJ i^) 

dimension —1 — (2n + 2r — 5) = 4 — 2n — 2r over 9Jl^^'^ ^''(^)- Moreover, 
single point with Behrend's multiplicity —1 and 



Spec(C) 
Spec(C) 



has relative 
is given by a 



(mo.2)*z. ..,))A([^^1'2) = (-1) 



4-2n-2r 



OT 



'^[SpGc(C) 



Spcc(C)1 ) 



therefore: 



^^P(e(r].2)(^.)) 



X 



- — (n + r) 



Spec(C) 



) ^[Spcccc) 



(6.24) 



Finally by Definition 15.71 we obtain: 



B^^(X,/3,2,f) = -(n + r). 



3.25) 



Note that it is easily seen that substituting ([P-'^],2) for (/3,2) in [15j (Equation 12.32) would give 
the same answer as in (I6.25p . 



7 An approach to direct calculations in general cases 

In section [6] we introduced our strategy of direct computation in an example where r = 2 and 
/3 was given by the irreducible class [P-*^]. Our strategy involved computing the weighted Euler 
characteristic of the right hand side of Equation (j6.3p . After giving the stacky structure of the 
moduli space of objects of type ([P^],2) (Section 16. 2p first we computed the second summand on 
the right hand side of Equation (|6.3p (sections 16.31 and 16. 4p . Then we considered a stratification 
of the original moduli stack so that the first summand on the right hand side of Equation (16. 3p is 
written as a sum of the characteristic stack functions of the strata in a way so that after suitable 
cancellations (Equation (I6.19P ) the right hand side of Equation (|6.3p is given as a sum of stack 
functions supported over virtual indecomposables. Finally by applying the Lie algebra morphism 
defined in [9] (Section 13.4) to both sides of Equation (16. 3j) we obtained Equation (I6.25J) . In this 
section we adapt the same computational strategy to the case where r = 2 and /3 has the possibility 
of being given by an irreducible class: 

Assumption 7.1. Throughout this section we assume that a f-semistable object {F,V,(j)v) ^ i3p 
of type (/3, 2) has the property that /3 is either indecomposable or it satisfies the condition that if 
/3 = /3fc + A (i-6 if /3 is decomposable) then /3fc = [Fk] and Pi = [Fi] such that Fk and Fi are Giseker 
stable sheaves with fixed reduced Hilbert polynomial p. In other words /3 can not be decomposed 
into smaller classes whose associated sheaves are not Giseker stable. 

Lemma 7.2. LetGs *' (f) andGs (f) (for some (3^ and j^i) denote the underlying parametrizing 
schemes as in Definition \4-(^ (for the case where r is set to he equal to 1 and f3 = /3k and j3 = Pi 
respectively). Moreover, assume that /3fc and f3i satisfy the condition in Assumption \7.1\ Given a 
tuple of stable objects, {Ei,Es) G &s' '{f) x 6s ' '{f), the following is true: 



Rom{E3,Ei) = A^ 
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if El = E3 and 

Rom{E3,Ei) =0, 

ifEi^E^. 

Proof. . Fix El := [Ox{-n) -^ Fi] G 6^ '='^^(f) and E3 := [Ox{-n) -^ F3] G ©^''^^(f). Consider 
a map ip : Ei —^ E^. By definition the morphism between the f-stable objects Ei and E3 is defined 
by a morphism ipp : Fi ^>- F^ which makes the following diagram commutative: 

Ox{-n) >Fi 

tpF 



ido, 
Ox{-n) >F3 



(7.1) 



By assumption Fi and F^ are given as stable sheaves with fixed reduced Hilbert polynomial p. Hence 
any nontrivial sheaf homomorphism from Fi to -F3 is an isomorphism. Moreover by simplicity of 
stable sheaves any such nontrivial isomorphism is identified with A-*^. Now use the commutativity 
of the diagram in (17. ip . D 

Lemma 7.3. Fix (3^ o-nd fii such that /3k + Pi = /3. Consider a f-semistable object E2 given as an 
element of 6ss (t) which fits into a non-split extension 

^ El ^ E2 ^ E3 ^ 0, 

where Ei and £'3 are f-stable objects with classes (/3fc,l) and {/3i,l) respectively (i.e given by ele- 
ments of 6s *' (f) and &s '' (t) respectively). Assume that fi, (3k and f3i satisfy the condition in 
Assumption \7. 1\ Suppose E[ and E'^^ are f-stable objects with classes {f3k>, 1) and {j3ii, 1) respectively 
where /3k' + (3ii = (3 and neither /3k nor /3i are equal to /3k' or /3i' . Assume that /3, /3'^ and /3[ also 
satisfy the condition in Assumption 7.1. Then E2 can not be given as an extension 

^ E'l ^ E2 ^ E'^ ^ 0. 
Proof. . If E2 is given by both extensions then we obtain a map between the two sequences: 

> El — ^ E2 > E^ > 

i = 

^E{ >E2—-^E'^ . 

P . (7.2) 

Hence we obtain a map pot : Ei ^ E'-^. Since by assumption /3k 7^ /3k' (this means /?; 7^ /3i' because 
/^fc + A = /^k' + A' = Z^), by Lemma \77I\ we conclude that po t is the zero map. Hence pot factors 
through the map l' o g in the following diagram 

> El — ^ E2 > E3 > 

[9 / i = 
> E[ — ^ E2 > E'^ > 



(7.3) 
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Since Ei ^ E[, by Lemma 17.21 g is the zero map. By considering the left commutative square in 
()8.4p we obtain a contradiction since the image of Ei in E2 can not always be zero. D 

Lemma 7.4. Fix (3k o,nd j3i such that (3^ + Pi = /?. Consider a f-semisable object E2 with class 
(/3, 2) which fits into a non-split extension 

^ El ^ E2 ^ Es ^ 0, 

where Ei and E^ are f-stable objects with classes (/3fc,l) and {f3i,l) respectively. Assume that f3, 



j3k and f^i satisfy the condition in Assumption 7.1. The object E2 can not be given as an extension 



^ E[ ^ E2 ^ E'^ ^ 0, 
where E[ is f-stable with class {f3i, 1) and £^3 is f-stable with class (/S^, 1). 

Proof. . We prove by contradiction. Assume E2 fits in both exact sequences. We obtain a map 
between the two sequences 



El 



E2 > E-i 

i = 



E2 



P 



E' 







(7.4) 



Similar to before, we obtain a map p o t : Ei ^ E'^. Since Ei and E'^ have equal classes, we need 
to consider two possibilities. First when Ei = E'^ and second when Ei ^ E'^. 

If El — E'^, then the image of the map p o t is either multiple of identity over Ei or the zero map. 
If the former case happens it means that the exact sequence on the first row is split contradicting 
the assumption that E2 fits in a non-split exact sequence. If the map is given by the zero map, 
then we can apply the argument in Lemma 17.31 and obtain a contradiction. If Ei ^ E'^ then the 
map po L is the zero map and the proof similarly reduces to argument in proof of Lemma 17.31 D 



8 GL2(C)-invariant stratification 



We introduce a GL2(C)-invariant stratification of SR^^'g (f) for /3 satisfying the condition in As- 
sumption 17.11 Note that by Corollary 14.91 



Tt 



il^'2) (^ 



SS,Br 



(r) 



m 



(/9,2) , 



GL2(C) 



m^%{f) 



Moreover, by Corollarv 14.81 

' &^!J^{f) 
GL(y) 

where &fs if) is defined as in Definition 14.61 In what follows first we give a stratification of 
the scheme ©L' (t). Then we take the quotient by GL(y) and our stratification descends to a 
stratification of 9Jt 'Jr(t). Finally we take the quotient of the strata of 9?T 'kr(^) by the action 
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of GL2(C) and we obtain a GL2(C)-invariant stratification of 3Jt^^'g (f). The figure below explains 
our strategy schematically: 



6if'^^(f) 



Stratification 




f f f f f 
/ / / / / 
/ / / / / 
/ / / / / 
/ / / / / 
/ / / / / 



GL{V) 



9JI 



(/3,2) 
ss,t3f- 



(r) 



VTl 




Induced Stratification 



VTl 




<g(^) = 



GL2(C) 



vr2 



vr2 




Induced Stratification 




Definition 8.1. Define ©^jlj^(f) to be given as the corresponding parametrizing scheme of strictly 
semistable objects in Bp of type (/3, 2) (for f3 as in Assumption 17. ip which are obtained as an 

)le 

(/3, 2) fits in an exact sequence 



extension of two f-stable objects of rank 1. In other words an object E2 G &st-ss(.''^) with class 



^ El ^ E2 ^ Es ^ 0, 



i.l) 



where Ei and £"3 are f-stable objects with classes (/3fc, 1) and {/3i, 1) respectively for some /3k and 
Pi such that (3k + I3i = (3. 

Remark 8.2. Note that the existence of exact sequence (j6.ip and the discussion in Section [6] shows 
that all objects in Bp of type {(3,2) are strictly f-semistable. Hence Qj^Lssi^) — ®ss' (f) where 
©ss (f) is defined in Definition 14.61 

If the extension in (j8.ip is non-split, then its automorphism group is obtained by Hom(S3, i?i) xi Gm 
and if split, the automorphism group is obtained by IIom(£'3, £^1) x G^ [9j (page 33). We need 
these automorphism groups in order to compute the product (*) of the elements of the Ringe-Hall 
algebra. These elements are given as stack functions which parametrize objects of a given type 
(such as {(3k, 1) or (/3;, 1)). Now assume that the exact sequence in (18. Ih is non-split and moreover 
El = E^. In this case since a semistable object in S^(lj^(f) is also stable, by the property of (3 
in Assumption 17.11 and Lemma 17.21 IIom(£'3,£'i) = A^ and the automorphism group of extension 
([KT]) is obtained by A^ x Grn- Moreover if in ([KT]) Ei ^ E^^, then by LemmaO Hom(£;3, ^i) = 
and the automorphism group of extension (jS.ip is obtained by Gm- 

Following similar argument for case of split extensions, we find that the automorphism group of the 
split extension is A^ xi G^ when Ei = E^ and G^ when Ei ^ -E3. First we decompose ©^jl4(^) 
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into two disjoint strata: 

Here &nljp q {t) and ©^„'g [t] stand for the strata over which the objects representing the elements 
in ©^jlj^(f) are given by non-spht and spht extensions respectively. These strata are disjoint since 
an element E2 € 6^j1J^(t) can not be given by both split and non-split extensions. By lemmas 17.31 
and 17.41 ©^_si(T) can further be stratified into a disjoint union over all possible (3^. and (^f. 

^n—spv) I I ^n—sp v)i 

where 6^_^^p ' (f) stands for stratum over which £'2 is obtained by a non-split extension of f-stable 
objects El by £'3 with fixed classes (/3fc,l) and (A,l) respectively. Now take one of these strata 
&n-sp' (t) by fixing /3fc and /3/. We claim that one may decompose this stratum further into two 
disjoint strata. 

1. Define Q^^^'"'^'' -"(f) to be the parametrizing scheme of objects E2 € ©„_*''' (f) such that 
there exists a non-split exact sequence 

^ El ^ E2 ^ Es ^ 0, 
where Ei G ©^'^^■•^^(f) and £3 G 6i'^''^\f) and Ei ^ E3. 

2. Define Q^"'""'' ^(f) to be the parametrizing scheme of objects E2 G &n-sp (^) such that 
there exists a non-split exact sequence 

^ El ^ E2 ^ E3 ^ 0, 

where Ei,E3 € ©S^'^V) and Ei ^ E3. 
Lemma 8.3. There exists a stratification of G^'lf^' {f): 



©(f-ft'2)(f) = ef-ft'2)^^^yg(A,A,2)( 



(8.2) 



Proof. : We show that ©f"'^''^^(f) and ©f'='^''^^(f) are disjoint. Assume that ©f"'''''^^(f) Q ©f*''^''^^(T) ^ 

^2e©i-;J'^^(r) whichfit 

^ £1 ^ £2 ^ £^3 ^ 0, 



0. Therefore, there exist an object E2 € ©„_^sp ' (f) which fits in exact sequences: 



and 

^ £1 ^ £2 ^ £^3 ^ 0, 

such that El ^ £3 and E'^ = E'^. Hence, one obtains a map p o l : Ei ^>- E'^ via the following 
diagram: 



> El — ^ E2 > E-i > 

i = 
>E[ >E2—^E'^ . 
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(8.3) 



If El = E'^, then the image of po l is multiple of identity over Ei or the zero map. For the former 
case we conclude that the first row splits, hence a contradiction. If p o t is the zero map, then pot 
factors through the map l' o g in the following diagram: 

> El — ^ E2 > E3 > 

[9 / i = 

> E[ — ^ E2 > E'. > 

P . (8.4) 

Since Ei = E'^ and E!^ = E[ then Ei = E[ and we conclude one of the following possibilities: either 
L and l' are both given as zero maps which is over-ruled (since l and l' are both injections) or the 
map g is zero which is obviously overruled. Moreover if the map g is an isomorphism then £^3 = E'^ 
and since Ei = E'^ by assumption, then Ei = E3 which is a contradiction. Therefore, we assume 
El ^ E'^. In this case poi ^ Hom(£'i, £^3) which is the zero map by Lemma [7.2l Then similarly pot 
factors through the map i' og in the diagram (j8.4p . Since E'^ = E'^ and Ei ^ -E3, then Ei ^ E[ and 
by Lemma 17.21 g is the zero map. By considering the left commutative square in (18. 4p we obtain a 
contradiction since the image of £1 in E2 is nonzero. Therefore 6\ *" '' (f) f] ©2 *" '' (t) = 0. D 



So far we have proved 



R, _!_«. — « ^ ^ 



/3fc+A=/3 

Now consider &sp ('^)- We further decompose this stratum as follows. 

1. Define 6^' (f) to be the parametrizing scheme of objects E2 G ©sp (t) such that 

£2 = -El e £3 

where Ei^E^ G ©i^'^V) and Ei ^ £3. 

2. Define S^^'^'' (f) to be the parametrizing scheme of objects E2 G ©Jp' (t) such that 

E2 = Ei(B E3 
where Ei € ©^''"'^^(f), £3 G ©^''^^(f) and Ei ^ E3. 
By the same argument as in Lemma 18.31 we see that 

The above arguments enable us to give a stratification of 6^(l4(f): 
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?.5) 



Here and stand for ordered and un-ordered disjoint unions respectively. We intro- 

duce a new notation. Fix P^ and Pi such that Pk + Pi = P- Let X)(/^fe'/'''2)(f) be the parametrizing 
scheme of objects E2 = Ei ® E3 such that (£^1,^3) G &i'^'"'^\f) x &i'^''^\f) and Ei ^ E^. It 
is obvious from the definition that if Pk ^ Pi then X>'-(^'"^'''^\f) = and for Pk = Pi = f , 
^(/3fc,A,2)(^) = ©Jf'^^(f). Using this new notation, ©5f'^^(f) = |J d(&.A.2)(^) (ordered or 

/3fe+A=/3 

unordered unions in this case are same as one) and by (j8.5p we obtain: 

6ia(f)= u (6f-^"^)(f)U6f'^''^^(r))u 

U (e[?!f'^Hr)U®^'^''"'Hr)) (8.6) 

Lemma 8.4. Fix {Pk, Pi) such that Pk + Pi = P, then the (k, I) 'th summand on the right hand side 
of Equation ()8.6p is composed of locally closed strata. Moreover &s ' (t) is locally closed. 

Proof. . The {k, /)'th summand on the right hand side of (18. 6|) is given by: 

By construction in Section 14.11 and Remark 18.21 there exists an action of GL2(C) x GL(y) on 
S^^ljg('f). This action induces an action of the corresponding Lie algebra on the tangent space of 
Ggt-ssi^) given by the map: 

0^i,,2, ... £ie(GL2(C) X GL(F)) ^ T ,,,,, (8.8) 

where £ie(GL2(C) x GL(y)) denotes the Lie algebra associated to the group GL2(C) x GL(y). The 
dimension of the automorphism group of objects representing the elements of S^^ljg(f) is given by 
the dimension of the stabilizer (in GL2(C) x GL(y)) group of these elements, which itself is given 
by the dimension of the kernel of the map in (j8.8p . On the other hand, the dimension of the kernel 
of the map in (j8.8p is an upper-semicontinious function. Therefore, we obtain a stratification of 



S^^lj^(f) which induces a stratification of R into locally closed strata such that over each stratum 
the dimension of the stabilizer group is constant as we vary over points inside that stratum. 
The stabilizer group of points in 6\ '' "^(f) is given by the automorphism group of their corre- 
sponding objects (i.e given by extensions of stable non-isomorphic objects with classes {Pk, 1) and 
{Pi, 1)) which by above discussions is given by Gm- Let 

fli = 6f-/^"2)(f). 

By construction, the stabilizer groups of elements in ©2 ' '' i'^) ^^'^ ^o-a' ('^) ^^^ given by 
Ai X Gm and G^ respectively. Let 

i?2 = 6f'^-^)(f)LJe[?-f-^)(f). 
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By construction, the stabilizer group of elements in S(pfe'ft'2)(f ) is given by Ai xi G^. Let 
Hence, the right hand side of ()8.7p is written as 

^ = -Rl I I -R2 I I -R3 5 

where the points over Ri, R2 and R3 have 1-dimensional, 2-dimensional and S-diniensional stabilizer 
groups respectively. It is true that Ri, R2 and R^ are locally closed in ©L' (t). Now consider 
R2. Let ©JJ^f'^^f) denote the closure of 6[f^f''^^(f) in 6if'^^(f). Recall that by definition, the 

objects parametrized by elements of 6q^'_^'' (f) are given by split extensions, i.e E2 = Ei (B E^ 
where Ei ^ £^3. The automorphism group of these objects is given by G^. Taking the closure 

of ©Q^'^'' (t), we immediately see that the objects parametrized by GQ'i'^' (f) are given by all 
split extensions oi Ei hy E^, i.e one has: 



eJ,^^f'^^(r)c6g^-f''^^(f)Ui?3. (8.9) 



Now take the closure of q]^^'"^'' -'(f) and obtain q^p'"'^'' '(f). By definition, the objects representing 
elements of ©2 * (f) are given by non-split exact sequences 

^ El -^ E2 ^ E3 ^ 0, 

where Ei = E3. So it is seen that taking the closure, the objects representing the elements in the 
boundary of 6^''*'^''^^(f) are given by E2 = Ei Q E3 where Ei = E3, i.e: 



g(A,ft,2)^-,^ C 6r'^"^^(f)|Ji^3 (8.10) 



Since i?3 Q ©o'a '^^(t) = and R3f]&^^^'"^''^\f) = 0, then it is seen that sf '='^''^^(f) and 
®0-'a'' v"^) have empty intersections in R2 but non-empty intersections in R3 , in other words their 
boundary is given by a subset of R3 which itself is locally closed in ©is (f). Hence 6^^'^'' (f) 
and ©^^*'^''^^(f) are locally closed in ei1'^\f). D 

Remark 8.5. Here we discuss a second approach to the proof of the fact that ©2 '" '' H'^) '^^^ 
®0-A ' v'^) ^''"^ locally closed in R2. 

Proof. : First we state a theorem from SGA3: 

Theorem 8.6. (SGA3 Exp, X. Theorem 8.8) Let T be a commutative flat group scheme, separated 
of finite type over a noetherian scheme S , with connected affine fibers. Let s a S ands a geometric 
point over s and suppose: 

1. the reduced subscheme {7j)red of the geometric fiber Ts is a torus and; 

2. there exists a generization t of s (i.e. the closure of {t} contains s ) such that Tt is smooth 
over k{t), the residue field oft; 
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Then there exists an open neighborhood U of s such that T \u is a torus overlA. 



Note that , by construction, R2 is given as a stratum of ©ss {t) over which the stabihzer groups of 
associated points are two dimensional. As we vary over R2 the stabihzer groups of points in R2 make 
a group scheme Q over C. According to the above theorem for every point p £ R2 such that {Gp)red 
is given by the two dimensional torus (G^) there exists an open neighborhood U such that Q \u is 
given by G^ over lA. Let /C denote the union of all such lA. It is easily seen that every geometric 
point k G }C is given as a two dimensional torus G^ which corresponds to the stabilizer group of 
a point p G &q^'^' (f) and there exists a bijective correspondence between such k and p. Hence 



according to Theorem 18. 6^ the locus of points p (z R2 with torus stabilizers, i.e 6^^'^'' (f) is open 
in i?2- Since R2 is locally closed in ©ss {t) then Sq^'^'' (f) is locally closed in ©H' (^)- On the 



other hand the complement (S^^^'a H^))' is closed in R2. Since 6^*'^'' H^) H ©2 



(f) = 



then © 

(ai(/3.2) 



(/3fc,A,2)^^^ C {©^o^_:t'^\f)Y which is closed in R2, hence 6f*'^"^^(f) is locally closed in 
(f). D 



Now consider the (fc,/)'th summand on the right hand side of (18.61) . The action of GL(y) on 
©ss \t) induces an action on each stratum. Take the quotient of each stratum by GL(y): 
Definition 8.7. Define 



1. Mf'"^'''^\f) 



6(/3fc./'^2)(-) 



GL(V) 



2. A^f '^-^)(f) 



-(%./3;>2) 



{r) 



GL(V) 



3. M 



{13k A a), 






{r) 



GL(V) 

GL(y) 
Definition 8.8. Define Mft^l,{f 



4. M 



By definitions 



6i?r^.{r) 



GL(y) 
and 18.81 and Equation (j8.6p one obtains: 



M 



{/3,2) 
st—ss 






&+A=/3 



U 



7W 



(/3fe,A,2), 



■')l\M 



i(3k,(3i,2). 



r) 



Pk+Pi=P 
Moreover by Corollary 14.81 and Remark 18. 2t 

<^i(r)=-Mia(-). 



B^.ss^ 



(8.11) 



(8.12) 



j(/3,2) 



Now take the quotient of 9Jt),ji [^{f) by the action of GL2(C) and obtain 9Jtg 'g\,(T). The action of 

GL2(C) restricts to each stratum, hence one may take the quotient of each stratum by GL2(C) and 
define: 
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Definition 8.9. Define 



1. 9JI 



(/3fc,A,2), 



2. ajif'='''"^^(f) 



3. mf'"^''^\f) 



GL2(C) 
GL2(C) 



X 



(/3fc./9i.2) 



GL2(C) 



(t) 



4. 9JI 



(&,/3i,2). 



A4 



(/3ft./9i.2) 



(r) 



GL2(C) 



Now we associate characteristic stack functions to eacli stacky stratum. 
Definition 8.10. Define 

1. 5} *' '(f) to be the characteristic stack function associated to Wl\ *" '' (f). 



2. 6} 



* '' (f) to be the characteristic stack function associated to WI2 ''' (f). 



3. 6. 



ih,Pi,-i)i~^ 



>(A'2).^^ 



3 (f) to be the characteristic stack function associated to QJtg '' (f)). 



4. 5\ '^ (f) to be the characteristic stack function associated to 9Jt 



(/3fe,ft,2) 
■4 



M^^lif) 



Definition 8.11. Define 

JJht-ssKr) ^ GL2(C) 

By by Corollary 14.91 Corollary 14.81 and Equation ()8.12p it is easily seen that 



yil^'^) (;^ 



(13,2) 



^^ZJsir) = 5Jt^t4(r) 



f(^,2) 



Definition 8.12. Define Sj^Lssi^) to be the characteristic stack function of 9Jtg^ljg(f). Moreover 



(/^,2) ... 



.13) 



'.2)/~ 



define 5s (f) to be the characteristic stack function Til (t) 



(/3,2)/~^ 



Definition 8.13. Define 6; 



(/3,2), 



f) to be the characteristic stack function of 9Jt 



(/3,2) 
B„,ss 



(r). 



Hence by definitions 18. 121 and 18.131 the following identity holds true: 
Now by Equation (|8.1ip and Definition 18.101 obtain: 



i.U) 



i'£l(f) 



E 

/3fc+ft=/3 



K/9fc,ft,2)/- 



' Pk+Pl=p ^ 



^{&,A,2)^ 



?.15) 



where y, ^^^ y, denote the ordered and un-ordered sums respectiyely. Therefore, by 
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(j8.15p and (I8.14p the following identity holds true: 

(8.16) 
However df '"^''^^(f) = and ^f "'^''^^(f) = for /3fe 7^ A, hence we obtain : 

e^)(f)= ± (jf-^''^)(f))+#'-^)(f)+ g (4^^''^''^)(f))+4'-'^\f). 

/3fc+A=/3 ^ ^ /3fc+A=/9 ^ ^ 

(8.17) 
On the other hand by applying Definition 15.51 to 971^^ g (f) we obtain: 

,(/3,2)(^) = ^-(p)(^)_ £ ie'^)(r)*€"^)(f). (8.18) 

/3fc+A=/3 

Note that given any class, /3j, there does not exist any strictly semistable object with class (/3j, 1). 
Therefore instead of notation 5fs'''^\f), we use 5f'''^\f). By equations (IHlil) . (IHTZl) and (|8J8]l 
we obtain: 

e-('^'2)(f) = 



_!_«=« V / fl. _!_«,_« V / 



2'2' .,,-) 



2 



^.19) 



It is easily seen that: 



E e'^''^)(f) = #''"\r) + i. E 4''^'''"^(^)- 



/3fe+ft=/3 /3fc+A=/3 



Hence, we rewrite each series on the right hand side of (I8.19P as an ordered sum and obtain: 

,_!_«. — « ^ / a, j_a. — a 






(8.20) 



2 

/3fe+A=/9 



3*'l)r^^.A(A'l)^ 



Next we compute the ordered product 5s '" (f) * 6s '' (f) for a fixed choice of f3k and /3i . 
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9 Computation of 5i^''^\f) * 5f''^^(f) 



In this section we describe the computation of the Ringel hah product of the stack functions 
6s ^' (t) *5s ' {t') for Pk and Pi satisfying the condition in Assumption 17.11 Similar to discussions 
in Section let ttj : ^yactg — )• ^^^^(f) for i = 1,2,3 be the projection map that sends an exact 
sequence to its first, second and third objects respectively over moduh stack of objects in Bp. We 
also have the map tti x tts : ^yact^ — )■ 9JIgp(f) x '^^^{f). By Joyce's definition in [9]: 



8fy){f) * 5(ft'i)(f ) = ^2 * ((vri X ^3)*(5(^'='i)(f) ® ,5(^"i)(f))) 



(9.1) 



Suppose that 5(^^'^) = [M^P^'^\f)/Gm, Pi] and 6^^^'^'^ = [7W(^fe'i)(f )/Grn,P3] where M^^'"^\f) and 
_A/j(pfe.i)(|f ) denote some underlying parameter stacks and 



and 



Pi : 



P3 : 



.M(^'='i)(f)/GJ ^anB^(f), 



M(ft'i)(f)/GJ ^9Jt. (f) 



Let us denote by Z' the fibered product 

(J^(A.,i)(f)/G„] X [^(ft'i)(f)/G^]) x,,,,3,3«^^(,),OTB,(f) 
the identity in (19. ID is described by the following diagram: 

$ ^ ^ 7r2 



TTl XTTS 



Z' 



^ract« 



^POct« 



3?ts,(r) 



[>l(/^'='i)(f)/G™] X [A^(ft'i)(f)/G, 



Pi X pi 



VTi X 7r3 



9JtB,(f)x9JtB^(f) 



(9.2) 



We compute the product of stack functions in (j9.ip by computing it over the C-points of 5^"'"^'{f) 

and ^(^''^•'(f) (these are induced from C-points of A4^I^'"^>{t) and M.^^'-'^' [f)) and then integrating 

over all points in M^^'^'^^f) x M^^''^\f). 

Consider the stack function 

Spec(C) 



h 



with 



Moreover let 



ii : 



Spec(C) 



, Pi Oil 



.A/((/^fe'i)(f)' 



Spec(C) 



, P3 o is , 



with 



is 



Spec(C) 



"X(ft'l)(7 
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Note that 5i and ^3 are the stack functions associated to C-points of A4^^'''^\t) and A4^"^'^>[f) 
respectively. Let Ei G ^^^^^'''^^(f) and E3 € m^^l^'^\f) and E2 € m^^f\f). Consider the exact 
sequence in ^foctg : 

0^ Ei^ E2^ Es^O (9.3) 

The automorphism group of the extension l9.3l is given by Hom(£'3, £^1) xi G^. The element {gi , 52) £ 
G^ acts on Ext^ {E3 ,Ei) by multiplication by 5^ gi and the action of Hom(£'3 ,Ei) on Ext^ (£'3 , Ei ) 
is trivial. If the extensions in (jQ.Sp are non-split, then the parametrizing scheme of such extensions is 
obtained by P(Ext (£"3, £1)) and for split extensions, it is obtained by Spec(C). In case of nonsplit 
extensions, the stabilizer group of the action of G^ is given by Gm and for split extensions, the 
stabilizer group of the action of G^ is G^ itself, hence: 



Si *53 



Spec(C) 



Hom(£3,^i)xG2, 



,m + 



¥{Ext\E3,Ei)) 
Hom(£3,£i) X G^ 



,/^3 



Definition 9.1. Let *H be a C-stack. Consider BG given as a quotient stack 
motivic integration over 9\ as an identity in the motivic ring of stack functions: 



Spec(C) 
G 



<n 



Spec(C) 
G 



"/^m •" 



G 



Moreover assume that P — ?• 9^ is a vector bundle over 9^. Then define: 

Spec(C) 



m 



O-fJ-m ■- 



x(P) 



% 



G 



d^m ■■= XCP) ■ 



(9.4) 
Define 

(9.5) 
(9.6) 



where x(P) denotes the topological Euler characteristic of P. Here The measure Hm is the map 
sending constructible sets on D\ to the their corresponding elements in the Grothendieck group of 
stacks. 



Now integrate Equation (|9.4p over M^'^'"^\f) x A^('^''^)(f): 



/ 



{£;i,£;3)6Ai(''fe'^)(^)xVK('3i'i'(^) 
Spec(C) 



{EuE3)€M<-'^k^)(f)xM'^'^i-'^HT) 



+ 



Hom(£3,£i) xG2 

P(Exti(£3,^i)) 



(£;i,£3)eAl(''fe'i)(f)xA4(''i'i)(f) 



Hom(£3,£i) X 



61*63 = 



(9.7) 



By the result of Lemma 17.21 if ti = ^3, i.e if £1 — £3, then Hom(£J3, £1) = A^ and if ii 7^ 63, then 
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Hom(i?3i^i) = Spec(C), hence: 

J {El 



Spec(C) 
Hom(^3,£;i) X 



dfJ-r. 



£3)eA4(''fc'i)(f)xAl('3i'i'(f) 
Spec(C) 

■ "Mm ^ / 

7\/((/3fc,i)(f) xX(ft'i)(f)\A' 



Ai X 



Spec(C) 



d^r, 



AixG2, 



+ 



G2, 



(9.8) 



and similarly: 



{Ei,E3)£M'~'^k,'^) (f)xM<-l^i-'^Hf) 



¥{Ext\E3,Ei)) 



Rom{E3,Ei) X 



dfir. 



£igM(f'i)(f) 



P(Extngi,^i)) 

A^ X Grr, 



^l-^m ~r 



{£;i,£3)eA4(''fc'i'(f)xAl('^i'i'{f)\A 



»(Exti(S3,^i)) 



(9.9) 



From Equations (|9Tj) . (pISj) and dSJ]) we obtain: 



■M(ii)(f) 
Ai xG2 



+ 



>j(A,i)(f) x7W(ft'i)(f)\A 



G2 



+ 



+ 



{Ei,E-s)eM'-l^k^){T)xM'-^f'^'>{f)\A 



P(Extl(^3,^l)) 



dflm- 



P(Ext\gi,^i)) 

A^ X Gm 



d/Jr, 



(9.10) 



Adding the contribution of the terms obtained on the right hand side of Equation (j9.10p for all 
possible choices of (3k and /3; one obtains: 

"P(Exti(^3,Si))" 
,-B3)GM('5fe'i) (f ) X A^C'i '1) (f )\A 



j2 5i^-i)(f)*<^f'i)(f)= j: (/ 



/3fc+A=/3 
+ 



/3fe+ft=/3 



d/"»^ 



£ieAl<^'''(^) 



P(Extngi,^i)) 

A^ X Grr, 



dfim + y^ 

/3fc+A=/3 



'x{/3fe,i)(f) x7W(ft'i)(f)\A 

g!^ 



+ 



.M(f'i)(7 



Ai X 



(9.11) 



It is easily seen that 

o 

E 



.M(A,i)(f) xX(ft'i)(f)\A 



G2 



7W(2'i)(f) x7W(2'i)(^)\A 



G2, 



/3fc+A=/3 



>^(A,i)(f) X A4(''''i)(f) 



Gl 



(9.12) 
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Hence 



/3fe+A=/3 



E 



^m^)(f) 



P(Exti(^i,Si)) 



P(Exti(^3,^i)) 



Gr. 



d^Xr) 



+ 



E^(^M^^'^\f) 



Ai X G^ 



d^lm + 



.M(ii)(f) x7W(^'i)(f)\A' 



G2 



/3fe+A=/3 



M(^fc'i)(f) xM(ft'i)(f) 



+ 



Ai xG2, 



(9.13) 



By Equations <^^, <!^7M . we obtain: 



e--^(T)= E U"r^^'"(^ 



+ u: 



A+A=/9 

-r^ ^2) 1 



2./ A^(f.i)(^) 



P(ExtH^i,^i))' 



P(Exti(ii^3,i?i)) 



d/Xri 



+ u 



-i^ S-2) 1 



Ai X G^ 



d/x„ 



X(2'i)(f) xyw(f'i)(f)\A 



G2 



/9fe+A=/3 ^ 






+ u: 



?{if,2),,, 1 



.M(§'i)(f)' 



Ai X 



(9.14) 



We consider a new notation for the right hand side of Equation (j9.14p . Let 

"P(Exti(^3,^i)) 



27 7K('3fe'i'(f)x6(''i'i)\A 



dyWri 



e^2'2)(^)^^(2.2'2)(~)_ 1 



(-1 i-i -C^ I 2) 1 



/3 



A^ X Gm 

■M(f '^)(f) X 7W(|'^)(f)\A 
G?. 



d/x„ 



Jfc,0/ 



4"'^(^) = u-^r'""^(^)-^ 



(/3fc,ft,2).^s 



.M(A,i)(f) xX(ft'i)(f) 



l/3fc^A 



(-1 1\ -(I I 2) 1 



■M(i^)(f)' 
Ai xG2, 



(9.15) 
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Using this notation, Equation (j9.14p is rewritten as: 



(- -) 



iU)^.^ 



Jk,l)i~^ 



(- -) 



-e^'''\f)= E 4'''^(-) + 4^'^^(-) + 4^'^\-)+ E ^r\r) + e\^'-^\f) 



(9.16) 



/3fc+ft=/3 



/3fc+A=/3 



Next we compute the image of Lie algebra morphism, "^^p , appHed to e^ (f) , £2^ ' ^ (f),- ■ ■ ,e^'^ (f 
In order to apply ^"p, one needs to prove that these functions, as elements of the Ringel-Hall al- 
gebra, are supported over the virtual indecomposables. Note that as we showed earlier: 



5-(/3..A-2)^^^ 



M 



(/3fc,A,2).- 



(r) 



GL2(C) 



Joyce in [5j (Section 6.2) has shown that given a stack function 
following identity of stack functions: 

U 



GL2(C). 
F(GL2(C),G^,G2 



u 



,floii 



+ F(GL2(C),G^^,G, 



where 



F(GL2(C),G^,G^) = - 



F(GL2(C) 



, ^jji, ^^m) 



U 

GL2(C) 



, V 



one has the 



U 



,/iO«2 



(9.17) 



(9.18) 



and fx o ii and ^0^2 are the obvious embeddings. Now apply the result of Joyce [5] (Section 6.2) 
and obtain a decomposition of 6\ *' '' (f) of the following form: 



f(/9fe,ft,2), 



r) 



M) 



Wk,f3i,2) 



(r) 



M 



GL2(C) 
f-^-^)(f)' 



Gl 



,fJ'i°H 



Gm, 



, /ij O Z2 



(9.19) 



where ^[ o ii and fi'- o ^2 are the obvious embeddings. 



9.1 Computation of ^^f'(er'^(f)) 



6.r>.0/~> 



By definition, for any fixed choice of k,l, the objects E2 € &{ *' '' (f) fit into non-split exact 
sequences 



0^ Ei^ E2^ Es^O 



(9.20) 
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where Ei ^ E^. In this case, the automorphism group of the extension (j9.20p is given by Gm- 
Since over A4\ '" '' (f), there exists an action of GL2(C) and the stabiHzer group of each point in 
_y^(/3fe,A,2)^~^ is Gm, therefore the GL2(C) action reduces to a free action of PGl2(C) onM[^'"^''^\f). 
Hence it is easy to see that there exists a map 

which sends E2 to {Ei,Es). 



7W(/5fc'i)(f) 




(&,A,2).^ 



(f)/PGL2(C) 



X(ft'i)(i 



Consider points (E'l, £^3) G M^'^'"^\f) x M^'^'-'^\f)\A. Consider the fiber vri \{Ei,E3) which is given 

by the set of points E2 G &\ '" '' (f) which fit in the exact sequence (j9.20p . Dividing by the 
automorphism group of extension (I9.20p . Gm, would provide a bijective correspondence between 
the set of isomorphism classes of such E2 (which still undergo a free action of PGL2(C)) and the set 
of {Ei,Es). Therefore there exists a bijective map between the closed points of the fiber of vri over 
iEi,Es) G 7W(^'='i)(f)x7W('^''i)(f)\A andtheclosedpointsof A<f'='^''^^(f)/PGL2(C) which fit into 
the exact sequence (|O0D . i.e the closed points of P(Ext^(£^3,£'i)) over M^^i^'^^f) x M^I^''^\f)\A. 
Now rewrite ^J'^'^'^''^) as: 



J 



{&,ft,2) 



GL2(C) 



6 



(/9fc,A,2) 
1 ' 



:f)/PGL2(C) 



m[^''''^"^\t)/PGL2{C) 



Spec(C) 



dfir. 



{£;i,£3)eA4('3fc'i){f)xAl('3!'i){f)\A 



\Ext\Es,Ei)) 



U'fJ'rm 

(9.21) 
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by Equations (j9.2ip and (|9.14p the equation for e\ ' (f) is obtained as: 

P(Exti(^3,^i)) 



e[''\f) = [ 

J {Ei,E3)eM'-'^k^)(f)xM^i^t'^'>{f)\A 

If fP(Ext^(^3,^l)) 

27 (£i,£;3)G7M(''fe'i)(f)xAl('^i'i)(f)\A 



d/J-n 



1 



(£i,£;3)eAi('3fc'i)(f)xA4('5;'i)(f)\A 



P(Exti(i?3,i^i)) 



G. 



CLjlfa 



Now apply the Lie algebra niorphism ^ ^ to e^ ' (f) and obtain: 



1 



P(Exti(^3,^i)) 



d/i„,/iV^j(,3,2) 1 • A^^'^) 



x{F{E^t\Es,Ei))) 



{Ei,E3)£M<''^i<:^'L){f)xM^l^i-'^Hf)\^ 
(_1)1 . (_i)dim(OTf '=■''""' (f))-l .1. f f 

2 \J {E^Ei 



Spec(C) 



(9.22) 



(£i,_E3)GAl('3fc'i)(f)xA4('3;'i)(f)\A 



x(P(Exti(i?3,i?i)))rfx)-A('^''^ 



(9.23) 



Awf/s.^) 



dim(OT —1") 

The factor of (—1) st-ss,Bp jg ^j^g |^q ^j^g fj^^^ that a stacky point g: 



iven as 



>(/3fc,ft,2).^ 



Spec(C) 



has 



relative dimension dim(9Jl^ *' '' (f)) — 1 with respect to the ambient stack. Moreover, the factor 



of (—1)^ is due the fact that Behrend's function over 
1. 



Spec(C) 



detects a singular point of order 



9.2 Computation of §^^(e2^'^\f)) 
By Equation ([939D 






(^ S.2) 

GL2(C) 



G2 



,/"2 °n 






, /i2 o Z2 



r/3 ;9 



(9.24) 



f/3 5 2~) {— — 2) . . 

The stabilizer group of points in 9K2 (^) = 9JT2^'^' ('^) ^^ given by the automorphism group 

{I 1^2) 

of extensions associated to those points. Since a point p € OJtg^'^' (^)(G) is represented by an 
object E2 which fits into a non-split exact sequence: 



Q ^ El ^ E2 ^ El ^ Q, 



(9.25) 
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then the automorphism group of extension (j9.25p is given by A^ x G^n- The stabihzer group (at 
point p) of the action of GL2(C) on 7W2 ' {^) is obtained by A-"^ xi Gm- Since Ei = E^ then for 
diagonal matrices (given by G^ = 7"GL2(C)-j ^g have that 

G^ n Stabp(GL2(C)) = G„ C ' 

hence the action of G^ descends to a free action of G^/Gm — 



i2 






-(-,^,2) 

Now rewrite 62^'^' (t): 



,^2 on 



M 



m- Hence: 

(f)/(G^/G„ 



(.2'2'^V^^ /fm2 



,/i2 OZi 






■M^^'^'^^(f)/(G^^/G. 

Gm, 



,fJ-2°H 



(S- I2) 

Gm, 



, /i2 O i2 



By equations (|9:271) and (f9lH) : 



e:,^'2'(^) 



(9.26) 



(9.27) 



V2'2'^V^ 



7W^2'2 



f)/(G4/Gm) 



,fJ-2°n 



27 Al(f ^i){f) 



»(Exti(^i,^i)) 



f^ £ 2) 



, ^2 o *2 



(9.28) 



A^(§'i)( 




(f.f.2),.. 



>l(f'l)(f) 
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( S. S. 2) 

Note that there exists a map from p : M2^'^' — )■ A = A4^2' )(f) which sends an object E2 fitting 
in the exact sequence ()9.25p to Ei. Moreover, given Ei € A4^^' '{f), the fiber of p over Ei is the set 

of points p G A^2^ ' ^ ' (^) I'epresented by exact sequence (j9.25p . Now for any point Ei G TW'-a '""^^(f), 
there exists a map ttexi '■ P~^{^) -^ Ext^(£'i,£'i) which projects the points p S p~^{Ei) to their 
extension classes. Now consider an element of the extension class a € Ext (£'i,-Ei)\0. The pre- 
image, 7rg^^(a), consists of points p G p~^{Ei) which fall into the class, a. There exists a surjective 
morphism: 

GL2(C) - TT^lia) 

(^,-,2) 

which is induced by the GL2(C)-action on 7^2^'^' (^)- The stabilizer group of the action of 

{S.1,2) 

GL2(C) at point p G A^2^'^' i^) represented by E2 sitting inside the exact sequence 19.251 is given 
by A^ XI Gm hence Stab(GL2(C))p for p G p^^{Ei) is given by A^ xi Gm, then the fibers of the map 
GL2(C) -^ ^Exti'^) ^^^ given by A^ x Gm- Now it is easy to relate the virtual poincare polynomial 
of T^Exti'^) ^° ^^^ virtual Poincare polynomial of GL2(C). 
In general given two algebraic spaces X and Y and a fibration X —^ Y with fibers Z one has: 

Pt{X)=Pt(Y)-Ft{Z). 

Hence we obtain 

Pt(GL2(C)) = Pt(Ai X G„) • Pt(7r^^.,(a)). (9.29) 

(-,-,2) 
On the other hand, for each a, the free action of G^/G^ — G^ on ^A2^'^' (t) induces a free 

Gm-action on T^^xti^)' Pa-ssing to the quotients via this action, we obtain a map 



IT 



lM)^^EU^)/iGl/Gr, 



Ext 

whose fibers are given by G^/Gm — Gm- Hence we obtain the following relation for the virtual 
Poincare polynomials: 

M^eUo^)) = PtiGl/G^) • Pt(vr^^,(a)/(G^/G„)). 

(9.30) 

By equations (j9.29p and (|9.30p and according to calculations in [lOj (page 4) we obtain: 

T3 /-^-i c^^//'(^2 /fp ^\ Pt(GL2(C)) 



{t'-l)-{t'-l)-t^ _^2 
t2 . (t2 _ 1) . (^2 _ 1) 



Pt(Al X Gm) • Pt{'^:pn/'^m) 
t^ + 1. 



(9.31) 



The computation in Equation ()9.3ip means that for each Ei G 7W^ 2 'i) (f) by passing to the quotients 
via the action of G^/G^, the map it Ext induces a map 



vr,-ff-2 



(Gl^/Gm) 



\e,: p^HEi)/iGl/Gm) -^ ¥{ExtHEi,Ei)) 



whose fibers have virtual Poincare polynomial as obtained in Equation (|9.3ip . Moreover, the Euler 
characteristic of the fibers is computed by evaluating their virtual Poincare polynomial at t = 1, 
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hence for every Ei the fiber of the map 7r((g2 /g„) \ei has Euler characteristic equal to 2. 

(1^1)'" " 
Now back to Equation (j9.28p . Since 63^'^ (f) is supported over virtual indecomposables, we can 

apply the Lie algebra homomorphism, ^"p; 



§^.(45.|)(^))^l.^na 



(^ ^ 2) 



■M2^"'"(r)/(Gi/G. 



, (^2 o n) V ,,,2) ) • m'^ 



OTX' 






4 '^ 



2"^ V7^i(|a)(^) 



(^2 0^2)V^(,,2, ■AC''^) 



OK, 



P(Exti(^i,^i)) 



dHm,f^*J^^{p.2) 1 • A^^'^). 



(9.32) 



Now we compute each term on the right hand side of Equation (j9.32p separately. 
1 . 



X 



Mi^'^''\f)/{Gl/Gm) 



(^^onrz^^(.,2) -^(^'2) 



_^^dim{mitl,B,)-^ . 1 . /■ 



B2e^^^'^''\f)/{G2,/G„o 



Spec(C) 



dx ■ A(/^'2) 






(9.33) 



By property (2) of the stack functions in Definition 15.21 we have the identity: 



(^ S- 2) 



(^ & 2) 

x(-Mr^'^(T)) 



(il.2), 



Spec(C) 



The action of G^ — G^/Gm is free on Ai'^'^'^'^' (f) and since the G^-fixed locus via this action is 
empty we have that 



(^ ^ 2) 

x(M^'^''\f)) = o, 



hence the second term in Equation (j9.32p vanishes: 

3 . 



■X 



(^ ^2) 



G, 



,(/^2°^2)V .,,2) •A(^'2) = 0. 



an: 



(9.34) 



40 



By equations (j9.33p and ()9.32p we obtain: 



§6,(^(ii)(~)) 



£;iGAl(T.i)(f) 



^^_x(iP(Exti(ii;i,i?i)))dxj •a(/^'') 



-^ . C_]^Adim(9JI^'''='''"^'(f))-l . 






xinE^t\Ei,Ei)))dx 



.~xm), 

(9.35) 



9.3 Computation of ^^''(63^'^^ (f)) 

By equations (|9.14p and (|9.19p . re- write £3^'^ (t) as follows: 



fi ^) 1 






,^3 °*1 






, /i3 o ?2 



.M(|'i)(f) X 7W(l'i)(f)\A 



G2, 



(9.36) 
Theset of r^^2(C)^(jj^_f^jjgjpQjj^|.g jg gJYgj^ ^y |.]^g jj^g^ggQf l-j^g j^g^p J . _A/( ( 2 > ^ ) ( f ) X A^ ^ 2 ' ^ ^ ( T ) \ A — > 

(^ ^ 2) 

-^3 '^' (■^) such that for every Ei ^ £'3, sends (£^i,£'3) to Ei £^3. Rewrite 



M 



(1.1,2), 



Im(/) 



+ 



f^ ^ 2) 

A^^^'^''\f)\Im(/) 



by injectivity of the map /: 



Im(/) 

G2 



G2^ 



(9.37) 



(9.38) 
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hence 



(f) = - 



.M(2'i)(f) x7W(2.i)(f)\A' 



,/"3°^l 



1 

+ 2 



X^--'\f)\Im(/) 



, ^3 o ii 




,/^3°«l 



X(ii)(f) xM(i'i)(f)\A' 



G2, 



1-2 '2 '^''/^^ 



./^ 



7W^2'2 



G. 



, M3 ° *2 



(9.39) 



2 ^„ A.f(2.2'^)^^ 



There exists a free action of G^ on A^g 

A 2 '2'^^('^ 



(f). Moreover, there exists a trivial action of G^ C G^ 



on M.\^ '^ '' (f) where Gm is given by the subgroup of diagonal matrices as in (??). Hence the free 



■■2 „„+;^„ ^„ \yfy2'2'^'r- 



action on M 



3 (f) is reduced to a free action of ^^/ ^m — ^m- 



(S- S.2) 

A^^--'\f)\Im(/) 




Therefore: 



, /ig O il 



/ 



(9.40) 



Denote 



A 



A^^--'^(f)\Im(/))/(G^/G^). 



The scheme A is the analogue of Q2 ' "^ in [16] (Lemma 5.6) when the sheaves F composing the 
objects E := (F, V, (p) have zero dimensional support with length 2m. In that situation (roughly 

speaking), the stack ^A^ ' (f) is replaced by a subscheme of a product of Quot schemes. 

(- -) 



Rewrite £3^'^ 



(f) as: 



fi i~) 1 



A 



Gr. 



, Us Oil 



(S. i. 2) 



,fI^oi2 



(9.41) 
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Since Cg^'^ (f) is supported over the virtual indecomposables, one can apply the Lie algebra mor- 
phism ^^P: 



§e.(4i^)(f)) 



2 '^ 



A 



<m 



(^3°n)V ,,,3, •A^'^'^^-^x 



■ (^ ^ 2) 



i-l)'-l-xiA)-i-l)'-l-xiMi''^'\f)))-~x(^,^). 



(^3 ° ^2) V^(,,3, • A(^'2) 



w: 



(9.42) 



,(^ 



:2)/^^ 



There exists amapvria : M^'^'^'^'if) -^ M'- -2 '^\f) x M'^ -^ ''^\f)\A which sends a point £'2 = EiQE^, 
to (-El, £3). Fix such (£^1,^3) G X(t'i)(f) x A^(t'i)(f)\A. The set of points in 7rY^{Ei,E3) are 
those E2 which can be written as E2 — E1® £3. Moreover, every point in 7r{^ {Ei,E^) |im(/) can 
be determined by E2 — Ei (B £3 or E2 — E^ (B Ei, i.e by a permutation and an isomorphism, 

hence there exists an induced map tt[^ : Alg^'^' (f) — )■ Sym(A4^2'-'^)(f) x A4^2^^)(^f)). The action 

of GL2(C) on A^3^'^' (f) is restricted to an action on the fiber of vr^g over {Ei,E-^). 



X(|'i)( 




>l(f'i)(f) 



The stabilizer group of the points in (vTig) ^(£1, £3) is given by G^. Hence, one concludes that for 
every {Ei.E^) G Sym(A^(2'i)(f) x A^(2'i)(f)) there exists a map GL2(C) -^ ■k^^{Ei,Ej,) whose 
fiber over each point p G {tt'i'^)^'^{Ei,E^) is given by G^. Hence, over (7ri3)~^(£i,£'3)\Im(/), the 
action of GL2(C) is restricted to GL2(C)\(G^ U(*^m)*) where G^ is given by the diagonal matrices 
of the form: 

92 J 
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and (G^)* is given by the anti-diagonal matrices of the form: 



i2 N* _ J / gi 



Therefore, there exists a map GL2(C)\(G,^ |J(G^)*) — )■ (7r^3)^"'^(£'i, -E3)\Im(/) whose fiber over 
each point p E (7r^3)~-'^(£'i, -E3)\Im(/) is given by G^. Now compute the virtual Poincare polyno- 
mialofK3)-i(i^i,i?3)\Im(/). 

{t'-l)-{e-l).t^-{e-lf ^, , 

(t2-l)2 -I +t i. 

(9.43) 

The occurrence of the term {t^ — 1)^ in the numerator is due to the free action of G^IJ(G^)* 
on Im(/). Note that {'K[^)-^{Ei,E^)\lm{f) is a G^ bundle over {TT[^)-^{Ei,E^)\\m.{f)/Gra, 
hence: 

P,(«,)-'(E.i.3)\.m(/)/G„, = £i(K,)-'(^.E=)\I-(/)) 



U^m 



''^''-' t^ + 2. 



(t2 - 1) 

(9.44) 

Therefore, for every {Ei,E^) € Sym(A^^2'' )(f) x Jv[^2' '{j)) via evaluating the result in Equation 
(I9.44P at t = 1, the fibers (7r^3)^^(£'i, i?3)\Im(/) have Euler characteristic 3. On the other hand, 

there exists a bijective map between the set of points in the G^^/Gm-fixed locus of A^o^'^' (f) 



fP 1^..^ . .(l 



(&,A,3).~x 



and the set of points in Im(/) ^ M^^^'^\f) x X(2'i)(f)\A. Denote by ^3 = dim(9Jtf *='^'"^^(f )) - 1. 
Now rewrite Equation (j9.45p : 

§^p(4^'^)(f )) = (^(-1)1 . i . ^[A) - {-If ■ \ ■ x{Mf~"'\r))) ■ {-If-' ■ X^^''^ 

= (-l- [ ^dxA + jf .,,,, Idx ,,,,, V (-1)^3 . A(A2) ^ 

^■( f ,^ , ,, , WX^(^..i)(^)xAl(^^i)(f)\A)-(-l)''-^^^''^=0- 

(9.45) 
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9.4 Computation of ^^f'(e^'^(f)) 



B„(Ak,l)i~^ 



Throughout this subsection by earher construction /^^ 7^ /?; and (3^ + l^i = /?. The action of GL2(C) 



restricts to an action of G^j on A^g '" '' (f) hence we obtain 



^-(&,A)(~) 



M 



{PkA,-2) 



(r) 



G2 



(9.46) 



On the other hand, it is easily seen that there exists a bijective map / : AI3 '' (f) -^ M^^'"^'{f) : 
A^(A'i)(f) which takes E2 = Ei (B E3 to (-Ei, ^3) where Ei ^ E^. Hence, we obtain: 



G2 



Al(&,i)(f) X A^(A.i)(f) 



(9.47) 



{k,l)f~^ 



Therefore, for every pair {(ikiPi) by definition of eg ' (f) one obtains: 



Sk,l)t~ 



T 



M 



(A, ft, 2) 



(r) 



Gl 



>l(^fc'i)(f) xM^^''^\f) 



0, 



hence: 



J: ^^n4''^(r))=0. 



(9.48) 



(9.49) 



/3fc+ft=/3 

/3fe7^ft 



9.5 Computation of ^^p(e4^'^\f)) 



By construction, there exists a bijective map between the set of points inTW^^'^' (f) and Al'2'^''(f), 
hence one rewrites e^^'^ (f) directly as follows: 



ri ^1 1 



M^'^'^(f) 



A^(i'^)(f) 

A^(i'^)(f) 
G2 



.^ 



,fl oil 



■A^(f-i)(f 



M^2'2' 



'(f) 



+ 



1 



X(f'l)(7 



, /W4 ° n 



,/U oi2 



3 

4 



/i4 OZ2 

A^(i'i)(f) 



, /W4 ° ^2 



(9.50) 



which simplifies to: 



(- -) 



"A^(ii)(i 



,/i o«2 



(9.51) 
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Now apply the Lie algebra homomorphisni and obtain 



^Bp(g(ii)(~)) 



X 






,(^'0^2)*^. .,,.)• ^(^^'2) 



m 



(_1)1 . (_i)dimC<-^-^'(f))-l . (_1) . ^(A^{i,l)(^)) . XW,2) 



(9.52) 



9.6 Computation of §^^(e(^'2)(f)) 



In order to compute \I/^p(e'^'^''(f)) in Equation (j9.16p we add the contributions coming from 
(for all possible choices of (3^ and /?/) to ^^p{6s (f)), i.e: 



Ak,l) 






0k+l3i=l3 



+ E (^'^i^r\f))]+^'^{e'r^>{f)) 



-,Br>(S\'h)l 



(9.53) 



3ft,A,3)/~^ 



Let d^ = di-m{Wf*"^'''''{f)) - 1 for i = 1, • • • ,4. By equations ([OH]) . (f9:35D . (l9:i5]l . ([932]l we 
obtain: 



^ E (^^ 

2 ^ ' 



GL2(C) 



,V-,)-A('^'^) 



, 1)<^M / x(IP(Exti(i?3,i5;i)))cix)-A(^'') 



x(P(Exti(i^i,i^i)))dx)-A('^'') 



+ i.(-l)'^^.x(-Mi'''^(f))-A('''^). 



(9.54) 
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10 Computation of the invariant 



By the wall crossing computation of Joyce and Song in [9] (Equation 13.31): 



(^ 1) 



E 



l<i,/3i+-+ft = | 



^•X6,((0,2),(/3i,0)). 



n (DT^'ir) ■ xbAPi + ■■■ + A-i' 2), (ft, 0)) • (-l)XB.((o,2),(ft,o))+EL.XB,((ft-f-ft-.2),(ft,o))A 



:io.ii 



By Definition 15.71 and equations (jlO.ip and (|9.54p we obtain: 

B-(X,/3,2,f) = 

o 

E 

+ 1 • (-1)'^+' • / ,,,, x(p(Exti(ii;i,i?i)))(ix 



(_l)rfi+i. ./ x(F(Exti(i?3,i?i)))rfX 



+ J • (-1)'^ 



E 



l</,/3i+-+ft = § 



ill 






Xe,((0,2),(/3i,0))-nU?r W-XHp((/3i + --- + ft-i,2),(ft,0)) 



i=l 






. (_l)XSp({0,2),{/3i,0))+E,=i xep((/3i+-ft-i,2),(ft,0)) 



(10.2) 



Remark 10.1. It is easy to see that by substituting ([P^],2) in Equation ()10.2p one obtains the 
result obtained in (|6.25p which is also compatible with the result of the wallcrossing computation 
obtained by substituting ([P^],2) in [15] (Equation 12.32). 

One may also compute the right hand side of Equation (jl0.2p by substituting (/3, 2) when j3 is not 
irreducible. For instance one can compute Bp**(X, 2[P^], 2,f) where X is given by the total space 
of Opi (—1) -^ P^. This means to compute the invariant of f-semistable objects {F,€? ,(j)^2) of 
type (2[P^],2) in Bp. Assume x{P) = ^- In this case, for a sheaf F appearing in such object of 
Bp, if r = 2g + 1, then semistability implies stability and if r = 2g then F is given as a strictly 
semistable sheaf. Based on computations in |11) and [3| for r = 2g + 1 there exist no stable 
sheaves with ch2(-F) = 2[P^]. Now assume r = 2q. In this case the semistable sheaves are given by 
F = C'pi(g-l)eC'pi(g-l). Note that a sheaf F = Opi (a) Opi (6) where a / 6 and a + 6 = 2g-2 
is not semistable since a ^ q — 1 and b ^ q — 1 and in that case either Opi (6) or Opi (a) destabilizes 
F. Now by substituting (2[P^],2) in (|10.2p and considering the sheaf F to satisfy the properties 
discussed above one obtains the invariant: 



B-(X,2[pi],2,f) = -^(n + g)2-(n + ^), 



(10.3) 



The computations in this case involve arguments similar to the ones given in Section [6] hence we 
have omitted the explicit calculations and therefore we leave them for the interested reader. 
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Remark 10.2. In |16j Toda has exploited similar stratification strategy for the moduli stack of 
objects composed of a zero dimensional sheaf F given as the quotient O^ -^ F where the objects 
are assumed to be semistable with respect to a stability condition in the sense of Bridgeland 
[l]. Moreover he has given an evidence of the integrality conjecture |12j (conjecture 6) for the 
corresponding partition functions associated to the moduli stack of these objects. The identities in 
[16] (equations 100, 99 and 88) play an important role in his proof of the integrality conjecture. 
Our stratification strategy and calculation of the invariants share many similarities with those in 
[l6] . Equations (]9.23p and (|9.35p are analogue of equations 88 and 99 in [16] respectively and we 
suspect that in some cases they can be used to prove the integrality of the corresponding partition 
functions for the invariants of the moduli stack of objects in Bp. Note that the stability condition 
used in our approach is the weak stability condition (Definition I3.23|) used by Joyce-Song in ^ 
which, despite having a much simpler definition than the Bridgeland stability conditions, shares 
many strong properties with them. Finally, one can use Equation (110. 2p and [15] (Corollary 13.7) 
to write the invariants of the higher rank Joyce-Song f-limit stable pairs (Definition 13. lip in terms 
of the generalized Donaldson-Thomas invariants. 
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